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DISTRIBUTED MODEL REFERENCE ADAPTIVE CONTROL OF
DISCRETE-TIME LINEAR TIME-INVARIANT SYSTEMS*

YUCHUN XU T, YANJUN ZHANG ¥, AND JI-FENG ZHANGS#

Abstract. This paper proposes a distributed state feedback model reference adaptive con-
trol (MRAC) framework for discrete-time linear time-invariant uncertain multi-agent systems. Dis-
tinct from existing methods, this study pioneers the extension of conventional discrete-time MRAC
methodology to effectively address distributed control scenarios. Taking the reference model as the
leader to be tracked, each follower agent synthesizes a unified distributed MRAC law by utilizing
state information available from its neighboring agents. Incorporating a gradient based parame-
ter update law with partial knowledge of control gains, the proposed method ensures closed-loop
stability and asymptotic leader-following tracking. Unlike conventional distributed observer based
methods limited to autonomous leaders, this method allows external reference inputs for the leader.
Particularly, the proposed method effectively manages parametric uncertainties in both leader and
follower dynamics, addressing a notable limitation of existing methods that typically assume perfect
knowledge of the leader’s dynamics. Furthermore, to handle completely unknown control gains, a
modified distributed MRAC law is developed by introducing an implicit estimate of the control gain
parameter. This design leads to a linear regression form of the estimation error equation, thereby
eliminating the need for prior knowledge of control gain signs or bounds in the gradient based pa-
rameter update law. This method avoids using Nussbaum gain functions, thus preventing potential
adverse oscillations commonly associated with existing distributed adaptive protocols. Simulation
results validate the theoretical findings.

Key words. Leader-following tracking, adaptive control, multi-agent systems, control gain
uncertainty.

MSC codes. 93B52, 93C15, 93C40

1. Introduction. In recent decades, the cooperative control of multi-agent sys-
tems (MASs) has emerged as a focal point within the control community due to its
significance in some practical domains like smart grids, formation flying, and so on.
In this direction, numerous remarkable works have been published to develop various
cooperative control algorithms for MASs [1, 2, 3]. From the perspective of control
objectives, consensus serves as the foundation for many sophisticated cooperative con-
trol tasks. To be specific, consensus control for MASs seeks to establish a uniform
behavior throughout the agent network using distributed coordination mechanisms.
This uniform behavior is determined either by all participants within the MASs or
by a specified agent of the MASs, corresponding to leaderless consensus and leader-
following tracking, respectively. To date, consensus control has attracted extensive
investigation given its fundamental importance in the MASs research [4, 5, 6, 7, 8].
For example, [4] studied the graph conditions required for consensus convergence in
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2 Y. XU, Y. ZHANG AND J. F. ZHANG

MASs with linear dynamics. For second-order MASs under switching topology, [5]
developed distributed observer method to address the leader-following tracking prob-
lem. Moreover, considering measurement noises, the works in [6, 7] addressed the
leaderless consensus problem under binary-valued communication.

Initially, the design of consensus protocols relies on precise agent dynamics [4, 5, 6,
7, 8]. However, in practical applications, various system dynamic uncertainties cannot
be ignored by designers [9, 10, 11, 12]. Consequently, using adaptive techniques to
design consensus protocols of MASs for combating challenging system uncertainties
has become a widely concerned research topic. Along this line, significant progress has
been made over the past decades [13, 14, 15, 16, 17, 18]. For example, [15] designed
a backstepping based adaptive distributed protocol for high-order nonlinear MASs
subject to mismatched uncertainties. For MASs with autonomous leader dynamics,
[16] studied the leader-following output synchronization problem by employing the
distributed observer technique. To achieve angle-constrainted formation for uncertain
nonholonomic mobile robots, [17] presents a user-friendly adaptive formation control
scheme, reducing sensing links and computational cost largely. It is notable that
some prior knowledge about the unknown control gain are necessary for adaptive
consensus control when agent possesses uncertain control gain [15]. To overcome this,
some Nussbaum gain based consensus algorithms have been proposed [3, 19, 20, 21,
22, 23, 24]. Specifically, [19, 20, 21] employ multiple Nussbaum functions under the
assumption of identical control directions to achieve adaptive consensus without gain
knowledge. For agents with possibly different control directions, compensator based
networks in [22, 23] enable output regulation without prior gain information. Notably,
these methods focus on continuous-time MASs, where Lyapunov based analysis is
central to design adaptive parameter laws.

As is well known, model reference adaptive control (MRAC) is a widely stud-
ied technique for ensuring closed-loop stability and tracking of uncertain linear and
nonlinear systems [25, 26, 27]. Recently, MRAC has been extended to MASs for
consensus control [28, 29, 30, 31, 32, 33, 34, 35]. For example, [28] proposed an adap-
tive leaderless consensus scheme for linear MASs with matching uncertainties, while
[29] developed a model reference based stabilizing consensus strategy for heteroge-
neous MASs. To achieve leader-following tracking, [30, 31, 32] designed distributed
continuous-time MRAC schemes using state feedback. For instance, [31] designed
a fictitious reference signal based state synchronization method for heterogeneous
continuous-time linear MASs, where agent disconnected to the leader converged to
a virtual model defined by its neighbors. Furthermore, [33] presented a direct dis-
tributed output feedback MRAC methodology for continuous-time MASs, relying on
the communication of agents’ control inputs among neighbors. Utilizing the indirect
adaptive control technique, [34] introduced an indirect distributed MRAC framework
for MASs in continuous-time dynamics, where system parameters of each agent are
estimated for constructing virtual reference model and obtaining controller’s param-
eter estimates. Notably, these distributed MRAC methods still require some prior
knowledge of the control gain when designing adaptive laws, which is similar to the
traditional MRAC [26, 27].

Despite considerable advancements in MASs consensus control, some open prob-
lems still exist. As is mentioned above, MRAC based distributed consensus designs
have been extensively studied for continuous-time MASs. However, their discrete-time
counterparts have been largely overlooked. Due to the essential stability differences
between the continuous-time and discrete-time systems, the continuous-time MASs
consensus methods cannot be directly transferred to the discrete-time counterparts.
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Furthermore, existing distributed adaptive consensus algorithms face significant chal-
lenges: they typically require prior knowledge such as the signs and bounds of un-
certain control gain parameters, or depend on oscillatory Nussbaum gain function
methods for solving unknown sign information of the control gain parameters. These
constraints significantly restrict their practical applicability. To address this gap,
this study aims to propose a new distributed MRAC framework to achieve leader-
following tracking control for a general class of uncertain discrete-time MASs. Taking
the reference model as the leader agent, we will develop a unified distributed con-
troller structure for all follower agents with uncertainties by using local neighboring
information. The reference model is driven by an external control input thus being
non-autonomous, which is typically different from common distributed observer based
design methods [16, 36, 37]. Moreover, the dynamics of leader agent is also consid-
ered as uncertain with unknown parameters, which has not been studied in most
existing literature related to distributed MRAC. Furthermore, we will consider that
the control gain related parameter is completely unknown for each follower agent. In
this case, based on our previous experience on addressing unknown control direction
[39, 40], we will design a modified distributed MRAC law to achieve desired control
performance without introducing Nussbaum gain function. In short, this paper’s key
innovative contributions are as follows.

(i) A new distributed MRAC framework is developed for a general class of uncer-
tain discrete-time linear MASs. Based on neighbors’ measurable signals, each
follower agent constructs a parameterized virtual reference signal suitable for
adaptive design. Then, with known control gain sign and bound knowledge,
a distributed adaptive controller along with a gradient based parameter up-
date law is developed to ensure closed-loop stability and achieve asymptotic
leader-following output consensus.

(ii) Compared with existing MRAC based distributed consensus methods [30, 32,
33, 34, 35], the proposed strategy in this paper introduces a unified distrib-
uted controller structure for each follower in discrete-time MASs. Notably,
the leader agent system considered in this study incorporates parameter un-
certainties, whereas most existing methods assume exact knowledge of the
leader’s dynamics [32, 33, 34]. Furthermore, the proposed framework accom-
modates an external reference input for the leader agent, which distinguishes
it from conventional distributed observer based methods that are typically
applicable only to MASs with an autonomous leader [16, 36, 37].

(iii) To address the challenge posed by completely unknown control gains, a mod-
ified distributed MRAC law is proposed. The key idea is to incorporate the
uncertain control gain into a new adaptive parameter, which leads to a linear
regression structure for the estimation error equation. As a result, the design
of parameter update law does not require prior knowledge of the control gain
signs or bounds, which are typically required in most existing distributed
consensus protocols [13, 15, 32, 33]. Moreover, unlike existing approaches
that rely on Nussbaum gain functions to deal with unknown control direc-
tions, the proposed scheme avoids introducing Nussbaum dynamics and thus
prevents the potential oscillatory behavior associated with such techniques
[3, 19, 20, 21, 22, 23, 24].

The remaining contents of this study are as follows. Section 2 formulates the
research problem, including the system model, the control objective, and the design
conditions. Moreover, we outline the key technical issues to be solved. Section 3
presents the main results of the paper, where a nominal distributed controller and
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4 Y. XU, Y. ZHANG AND J. F. ZHANG

a unified distributed MRAC framework are first developed. Further, we design a
modified distributed MRAC law to handle the challenge of completely unknown con-
trol gain parameter of follower agent. In this section, we detail the whole design
process and present a systematic stability analysis. In Section 4, simulation study is
conducted to validate the proposed methods. Finally, Section 5 concludes this paper.

Notation. Throughout this paper, R denotes the set of real numbers. The symbols
z and 27! represent the time advance and time delay operators, respectively, i.e.,
z[z](k) = 2(k + 1) and 2~ '[z](k) = z(k — 1), where k € {0,1,2,3,...}, 2(k) = 2(kT)
for a sampling period T > 0, and z(k) is any finite dimensional signal. We define
the signal spaces: L> = {z(k) : [|z(-)]|lcc < 00, [|2(-)|[oc = SUP>omaxi<i<n |i(k)[}
and L2 = {a(k) : [[2()]l2 < o0, [lo()ll2 = (5% [1(k)[2 + -« + |on (R))3} for
x(k) = [#1(k),...,2,(k)]T € R™. The symbol ¢ > 0 denotes a generic signal bound,
and 7(k) denotes a generic L? N L> function converging to zero as k — oo. For any
vector signal z(k), ||z(k)|| denotes its Euclidean norm. The notation I denotes the
identity matrix.

2. Problem statement. This section formulates the system model, the control
objective, and assumptions, and articulates the key technical issues to be addressed.

2.1. System model. Consider a discrete-time MAS consisting of IV follower
agents and one leader agent. The dynamic model of the ith follower agent, i = 1, ..., IV,
is expressed as the following linear system

(2.1) zi(k+1) = Azi(k) + biui(k), yi(k) = ] zi(k),

where z;(k) € R™, u;(k) € R, and y;(k) € R are the state vector, control input,
and system output, respectively, of agent i. Moreover, A; € R™"*" b, € R™ and
¢; € R™ denote system matrices with unknown parameters. From the state space
model (2.1), we derive the inpuk-output description of agent i as

(22) yi(k) = Gi(2)[u)(k), i=1,...,N,
where

(2) =L (2T — A Ly, = Zi(z)
(2.3) Gi(z) =l (2] — A)71b; = kb, e

is the transfer function of the ith system dynamics. Particularly, k,, # 0 is called
as the high-frequency gain of the system (2.2), i.e., the control gain parameter of
the system (2.2), and P;(z) and Z;(z) are monic polynomials with unknown constant
coefficients and of degrees n; and m;, respectively. Moreover, n; — m; > 0 is referred
as the relative degree of agent 4. In this paper, we consider that the state vector x;(k)
is measurable and utilizable for every agent 7, i =1,..., N.

The dynamics of the leader agent is described by a stable linear system model as

(24) LL‘()(k + 1) = A()LL'()(]C) + boUo(k), yo(]f) = ngo(k),

where xo(k) € R™ is the state vector of the leader, uo(k) € R is a bounded external
reference input signal, and yo(k) € R is the system output of the leader. Moreover,
Ag € RmoXm0 phy € R™ and ¢y € R™ are time invariant matrices such that Ag is
stable and Go(2) = ¢l (21 — Ag)~tby = kyp, IZ)(?E;; has relative degree n*. Particularly,
this study assumes that Ay, by and ¢y are unknown. Furthermore, it is assumed that
the state variable xo(k) is available for the leader agent.
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Remark 2.1. Unlike conventional MRAC frameworks that typically address track-
ing for a single plant [27], this study develops a distributed discrete-time MRAC for
an MAS comprising N followers (2.1) and one leader (2.4). The leader serves as
the reference, generating output via a bounded external input, and uncertainties are
present in both follower (2.1) and leader (2.4) dynamics.

2.2. Graph theory. The communication network among N + 1 agents (one
leader and N followers) is represented by a directed graph G = (V, &), where V is
the vertex set and £ C V x V is the edge set. Each vertex denotes an agent, and a
directed edge (j,) denotes that the agent i can receive the information from agent j
(but not vice versa), making j a neighbor of i. Vertex 0 represents the leader agent.
For each follower i, 4 = 1,..., N, define its neighbor set N; = {j € V : (j,4) € &}.
The adjacency matrix A = [a;;] € RVFDXINHD) gatisfies a;; = 0, and a;; = 1 for
1 # j if and only if (j,7) € £. In particular, for i = 1,..., N, a;0 = 1 if and only if the
agent ¢ can access the information of leader agent 0. Moreover, d;, i, ..., N, denotes
the indegree of follower agent i, i.e., the number of agents in its neighbor set N;.

2.3. Control objective and assumptions.

Control objective. This paper aims to develop distributed adaptive control
strategies based on local neighbor information for each follower agent, such that all
signals in the closed-loop system are bounded and the outputs of all follower agents
asymptotically track the output of leader, i.e., limg o (yi (k) —yo(k)) =0, i =1, ..., N.

Assumptions. In order to achieve the control objective, the following design
conditions are needed.

(A1) For each follower agent i, i = 1,..., N, (A;, b, ¢;) is stabilizable and detetable.
(A2) The polynomial Z;(z) in (2.3) is stable for each follower agent i, i = 1,..., N.
(A3) The degree n;, i = 0,...,N, is known and the relative degree of agent i is
n;, —m; =n*fori=1,...,N.

(A4) The directed graph G is acyclic and has at least one directed spanning tree with
the leader agent being the root.

Assumption (Al) is to ensure output matching and internal signal boundedness
[27]. Assumption (A2) is the so-called minimum phase condition essential for sta-
ble model reference control (MRC) in single-agent systems [27]. Assumption (A3)
specifies the system degree n;, which determines the degree of estimated controller
parameters and enables the construction of a parameterized model. Moreover, it is
necessary for the follower agents (2.1) to have identical system relative degree n* equal
to the leader (2.4) to ensure model matching. This condition, fundamental in con-
ventional MRAC [27], is also adopted here for distributed MRAC design [30, 33, 34].
Finally, Assumption (A4) shows the interaction graph connectivity, which ensures
well-definedness of the distributed control laws to be designed. This connectivity
requirement is standard for some distributed control protocols [30, 33, 31]. Given
Assumption (A4), the adjacency matrix A possesses an upper triangular form under
a specific vertex permutation. For the convenience of following design, we order the
agents such that the adjacency matrix A of graph G is upper triangular.

2.4. Technical issues. Now, we articulate the key technical issues in designing
distributed MRAC framework for the MAS comprising of (2.1) and (2.4).

In MASs, some follower agents cannot access the leader’s reference directly due to
network connectivity. Therefore, each follower must generate a valid reference signal
using only local neighbor information. To this end, distributed observers have been
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widely studied[16, 36], initially for cooperative output regulation without uncertainties
and later extended to MASs with follower uncertainties [16, 36, 37]. For example, [16]
proposed a distributed adaptive observer to estimate the leader’s state and dynamics,
enabling a virtual reference for adaptive control. However, these methods assume an
autonomous leader; for leaders driven by external inputs ug(k), distributed observer
may fail since the response of leader is jointly determined by the dynamics matrix
and the reference input. We thus require a new reference signal design by utilizing
local neighboring information to achieve tracking for the leader (2.4) with an external
input ug (k).

In addition, the dynamic uncertainties of agents (2.1) and (2.4) in the MAS need
to be addressed. Although some results have been made in leader-following adaptive
tracking for continuous-time MASs [13, 15, 16, 30, 32, 31], there are few studies focus-
ing on discrete-time MASs. This gap exists because most continuous-time methods
rely on Lyapunov-based techniques to develop parameter adaptation laws and perform
unified stability analysis of both tracking and estimation errors, which is not applica-
ble to the discrete-time MAS described in (2.1) and (2.4). Moreover, while the existing
distributed continuous-time MRAC methods can handle non-autonomous leader dy-
namics [30, 32, 33, 34, 31], some notable issues persist: The controller structures
in [30, 32, 33, 34, 31] vary depending on whether the agents are leader-connected
or leader-disconnected, and thus lack a unified MRAC architecture; Moreover, the
methods in [32, 33, 34, 31] rely on the condition that the reference system model
information is completely known. In contrast, this study considers uncertainties in
both the follower agents (2.1) and the leader system model (2.4). Therefore, the
development of a unified distributed MRAC framework capable of accommodating
uncertainties across all agents represents a key challenge addressed in this work.

Furthermore, we investigate the situation in which the control gain parameter kp,
in the system model (2.2) is completely unknown except for its non-zero nature, an
aspect overlooked in some existing M ASs consensus studies. Specifically, some prior
works either neglect this gain uncertainty [13, 16, 17] or require its prior knowledge,
i.e., the sign information of k,,, for stable adaptive control design [15, 30, 32, 33,
34, 35, 31]. Notably, the sign information of control gain parameter represents the
control direction and may be unavailable in some practical engineering systems [43].
While some Nussbaum gain based MASs consensus methods addressed the difficulty
of completely unknown control gain [3, 19, 20, 21, 22, 23, 24], such methods generally
suffer from adverse oscillations due to inherent limitations of Nussbaum gain functions
[38]. Therefore, it is imperative to design an adaptive leader-following tracking control
method for the MAS (2.1) and (2.4) under the restriction of completely unknown
control gain parameter k,, without relying on Nussbaum gain function. In this work,
we devote to solve this issue by employing the method proposed in [39, 40], which
was originally developed for single-agent systems.

With the aforementioned clarifications in mind, the following technical issues will
be solved in this work.

e How to devise a virtual reference signal by using local neighboring informa-
tion to achieve asymptotic tracking for the non-autonomous leader reference
system (2.4) with parametric uncertainties;

e How to develop a unified distributed MRAC law for the discrete-time linear
MAS (2.1) and (2.4) with the presence of parameter uncertainties affecting
all agents, including both the follower agents and the leader system:;

e How to address the uncertainty in control gain k,, when designing a unified
distributed MRAC law for each follower agent that removes the need for prior
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control gain parameters knowledge of the system (2.2) and does not rely on
conventional Nussbaum gain functions.

3. Distributed MRAC designs. This section develops a distributed state
feedback MRAC framework for the MAS consisting of (2.1) and (2.4). Consider-
ing that the state information can be shared among neighboring nodes through the
interaction graph G, we would first construct a nominal distributed MRC scheme un-
der the assumption that all system parameters were known, in order to illustrate the
fundamental control structure. Subsequently, we present an adaptive version of the
nominal control structure to address parameter uncertainties within the agents. Fi-
nally, we devote to design a modified MRAC law to handle the complete uncertainty
associated with the control gain parameter k,, in the follower agent’s model (2.2).
Stability analysis shows the stability of closed-loop system and the desirable output
tracking performance with the developed distributed adaptive control schemes.

3.1. Nominal control design: Known parameter case. First, we design a
nominal distributed MRC scheme for the MAS consisting of (2.1) and (2.2) with all
system parameters being known.

Nominal controller structure. Suppose all system parameters A;, b;, ¢;, i =
0,1,..., N, are prior known, a unified nominal distributed control law for each agent
i, 1=1,..., N, is designed as

1
(3.1) ui(k) = - Y (05 wi(k) + 07w (k) + 05u;(k)) |

b JEN;
where 07; € R", 07, € R", 07, € R are some constant parameters to be determined
by utilizing agents’ system parameters, x;(k) is the measurable state variable of agent
i, and xj(k) and u;(k) are the state and input of neighboring agent j € N;. Moreover,
d; is the indegree of the agent 1, i.e., the total agent number in the neighbor set ;.

Now, we give the details about calculating the controller parameters 607, 07,1, 075

in (3.1) for i = 1,..., N. First, for i = 1,..., N, there exist some constant parameters
07, and 6, such that

(3.2) det(=] — A; — b0°T) = 27" Zi(2)0%, 0%y = ki

Pi
This existence of 8}, and 6, is ensured by Assumptions (Al) and (A2). Readers may
refer to the monograph [27] for details on single-agent systems. Thus, the controller
parameters 6, i =1,..., N, can be calculated from the equation (3.2).

Since each follower agent and the leader agent have the relative degree n*, this
implies that ¢;Alb; = 0 for j = 1,...,n* =2, i = 0,1,..., N, and ciA?*_lbi # 0 for
1 =0,1,...,N. Thus, motivated by the idea in [41, 42], using the definition of system
relative degree, for ¢ = 0,1, ..., N, we obtain

CZAzZ‘Z(k), j:O,...,n*—l,

’Lk 1) = : ] —
y( +J) { CZAzl‘Z(ki) +CiAg lbiui(k)v J= n*.

Therefore, the system future time output signal y;(k + n*) can be expressed by
xi(k), u;(k) as

This manuscript is for review purposes only.



317
318
319

337
338
339
340
341
342
343
344
345
346
347
348
349
350
351

352
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where o} € R™ and o}, € R are constant parameters related to the system parame-
ters (Ai, bi, ¢;). With afj, ajy in (3.3) and 6}, in (3.2), the controller parameters 6
and 0}, are determined by

(3.4) 071 = 052051, 070 = 05505y, i =1,..,N, j€N;.
So far, all nominal controller parameters in (3.1) are determined based on the equa-

tions (3.2) and (3.3) assuming that all system parameters are known.

Remark 3.1. From (3.1), one can see that the computation of each control in-
put u;(k) depends on its neighboring control input u;(k). This information exchange
enables the construction of a virtual reference signal for the distributed consensus
tracking control design when the leader is non-autonomous. Based on Assumption
(A4), all agents in the MAS are ordered such that A is upper triangular. Consequently,
the control input uq (k) can be determined first using the reference input ug(k), en-
abling the sequential computation of all subsequent control inputs from agent 1 to V.
In other words, all control inputs are well-defined under the graph structure, which
is adopted in some prior literature [30, 33, 35, 31]. Such a sequential dependency is
reasonable in certain MAS scenarios, where agents make their control actions based
on information exchanged with their neighbors. Since each agent exchanges its state
vector and a scalar control input with its neighbors, this design increases the com-
munication burden. How to reduce the communication burden within the proposed
framework is an important issue and will be considered in our future research

Remark 3.2. Based on (3.3), the signal y;(k + n*) can be expressed in terms of
its own parameter information, state vector, and control input. By exchanging state
vectors, control inputs, and parameter information with neighbors, the controller (3.1)
can be implemented without requiring knowledge of the leader’s information. There-
fore, the nominal controller (3.1) is distributed since it relies only on local neighboring
information. For systems with unknown parameters, the expression (3.3) serves as a
parameterized form and plays a critical role in the adaptive parameter estimation, as
will be demonstrated in the following sections.

Remark 3.3. In this work, we regard the interaction graph G of the MAS (2.1)
and (2.4) is unweighted. That is, the link weight a,; is set to 1 if agent ¢ could receive
agent j’s information. Therefore, the weight a;; could be omitted in the nominal
controller (3.1). However, to depict the varying influences among individuals, the link
weight a;; can be assigned distinct positive values. In this weighted graph case, the
information from neighbors needs to be multiplied by the communication link weight
to design the controller for each follower agent 7, i = 1,..., N. A feasible control law
in this situation takes the following form:

() = e 3 iy (0018 + 03 (8) + O ().

JEN; 2%} JEN;
The adjustment for the weighted graph case follows an idea similar to the continuous-
time distributed MRAC law studied in [32, 33]. The control strategy and design
methodology proposed in this study may be generalized to address the weighted graph
case by incorporating appropriate weighted parameters a;;. Such an extension would
entail a significant increase in both computational effort and system complexity, which
needs further investigation. In this paper, we assume unit weights (a;; = 1) in the
formulation of the distributed MRAC framework.
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DISTRIBUTED MODEL REFERENCE ADAPTIVE CONTROL 9

Stability analysis. Next, we proceed to analyze the system performance of the
MAS under the nominal distributed control law (3.1). To this end, we formally define
the local output tracking error and the leader-following tracking error as follows

1

(3.5) ei(k) = yi(k) — — > yi(k), i=1,..,N,
L jEN;
(3.6) eio(k) = yi(k) —yo(k), i=1,..., N,

respectively. The local output tracking error e;(k) quantifies the deviation between
follower agent i’s output and its neighbors’ average output. The leader-following
tracking error e;o(k) characterizes the discrepancy of system output between the fol-
lower agent and the leader. In the following lemma, a crucial property is shown to
clarify the relationship between e;(k) and e;o(k).

LEMMA 3.4. For the considered MAS comprising of N follower agents and one
leader agent under the communication graph G, if the local tracking error e;(k) defined
in (3.5) satisfies limy_ o0 €;(k) = 0 (or e;(k) = 0), then the leader-following tracking
error would satisfy limy o0 €;0(k) =0 (or e;0(k) =0) fori=1,...,N.

Proof. The proof of Lemma 3.4 closely follows those of Lemma 4.1 in [30] and
Lemma 3.6 in [34]. Therefore, it is omitted here for brevity. O

From this lemma, we see that the leader-following consensus tracking objective
is achieved if all local output tracking errors satisfy limy_,o €;(k) = 0. Conversely,
limg 00 €;(k) = 0 would be obvious if limy_, €;0(k) = 0. Thus, Lemma 3.4 shows
limg_, o0 €;(k) = 0 is necessary and sufficient for limy_, o €¢;0(k) = 0. Based on this
observation, the following theorem establishes the closed-loop signal boundedness and
characterizes the leader-following tracking performance achieved by the nominal dis-
tributed controller (3.1).

THEOREM 3.5. Under Assumptions (A1)-(A4), the nominal distributed controller
(3.1) ensures that all closed-loop signals are bounded and the output of each follower
agent y; (k) precisely tracks the output of leader agent yo(k) after n* sampling periods,
that is, e;o(k+n*) =0, i=1,...,N.

Proof. For each agent i, i = 1,..., N, substituting the controller (3.1) into the
state equation of the system model (2.1), we obtain

b’i * * *
wi(k +1) = Agi(k) + - Y (05 wik) + 03] (k) + 05u;(k))
' EN
*T bi *T *
(3.7) = (Ai + 0,0 )ai(k) + — > (05 (k) + 055, (k) .
b jEN;

From the matching equation (3.2), it yields
3.8 CT zl — Ai — sz*T _1bi0ik = 21(2)972 = L L= 17 7]\7
( ) i il 12

det(2I — A; — bf;T) — 2
From (3.3) and (3.4), we note that Gjﬂarj(k) + 0550u; (k) = 0y;(k + n*) for i =
1,..,N, j € N;. Thus, it follows from (3.7), (3.8) and the system model (2.1) that
* bi * *
yi(k +n*) =2" CiT(ZI — A — bz‘eﬁT)_lE Z (Hiﬂxj(k) + 9ij2uj(k))
L JEN;

1 .
=7 Z yi(k+n*), i=1,..,N,
b jeEN;
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which implies the local output tracking error is always zero after n* sampling periods,
that is, e;(k +n*) =0, i = 1,..., N. Then, it follows from the conclusion of Lemma
3.4 that the leader-following tracking error satisfies e;o(k +n*) =0, ¢ =1,...,N.

Since the leader agent model (2.4) is stable and driven by a bounded external
reference input signal ug(k), its state variable (k) and system output signal yo (k) are
all bounded. This also demonstrates that the follower agent’s output signal y;(k), ¢ =
1,..., N, is bounded given that e;o(k + n*) = 0. Using the system model (2.2), we
have ky, 2" Z;(2)[u;](k) = Py(2)[yi](k + n*), i = 1,..., N, which demonstrates that
u;(k) € L> with the boundedness of y;(k) since 2™ Z;(z) is stable and of degree
n* + m; = n;. Furthermore, considering the system model (2.1) is detectable under
Assumption (A1), the unobservable state variable of follower agent i is stable and the
observable part of x;(k) could be constructed by its input signal u;(k) and output
signal y;(k). Together with the bounedness of u;(k) and y;(k), we obtain x;(k) € L.
Therefore, all signals in the closed-loop MAS are bounded. This completes the proof.[]

Now, a nominal MRC scheme has been established, incorporating a unified dis-
tributed control law (3.1) for each follower agent 7. Given all system parameters were
known, this control law could achieve precise leader-following output tracking by using
only the neighboring signals (k) and u;(k), j € N;.

3.2. Distributed MRAC design: Unknown parameter case. This subsec-
tion addresses the main focus of the paper, in which all system parameters, including
those of both leader and follower agents, are unknown. In this situation, the nominal
distributed control law (3.1) is no longer applicable due to the presence of system
uncertainties. Now, we consider to develop an adaptive version of the nominal control
scheme for achieving the control objective of the paper.

Distributed MRAC law. Based on the nominal distributed control law (3.1),
for each follower agent ¢, 1 =1, ..., N, a distributed MRAC law is designed as follows

(3.9) ui(k) = l > (OhR)wi(k) + 05 (k)a; (k) + bija(k)u; (k)
‘ JEN;

where 0;1(k), 0;51(k), 0;;2(k) are estimates of 07, 0%, 079, respectively. Similarly, the
involved signals for the adaptive control law (3.9) of agent ¢ includes its state vector
x;(k), and its neighboring agents’ state vector x;(k) and control input signal u;(k),
which could be obtained by local communication in the graph G.

Tracking error equation. To adaptively update the controller parameter es-
timates 6;1(k),0;;1(k),0;j2(k) for each agent i, we first construct a tracking error
equation for the local output tracking error e;(k), i = 1,..., N. Combing the adap-
tive control law (3.9) and the follower agent dynamic model (2.1) for each agent
i, 1=1,..., N, we have
¢ JEN;

bi * *
= (A + b0 )i (k) + = > (05 (k) + 0555u,(k))
v jEN;
bi *
b (05 (k) = 03) i (k) + - > (0552 (k) — 0357) (k)
v GEN;

b; N
T > (Bija(k) = 6752) u; (k).
b jEN;
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134 Then, it follows from (2.1) and (3.8) that

*T\ — b’L * *
435 yi(k) = cF'(2I — A; — b;077) 1; Z 0125 + 0550u5] (k)
v JEN;
56 el (21 — A = bi03F) 710, [0 — 0; )] (k)
*T\ — bi *
437 —l—CZT(zI —A; — bieﬂT) 1? Z [(6‘51 - 91j1;>xj] (k)
b jEN;
bi *
438 +ciT(zI —A; - bﬂ;‘fp)_lj Z [(eijz - 9ij2)uj] (k)
v jeN;
B 1 2 x
439 =7 Z y;(k) + == [(95 - oilT)xi} (k)
1 . z
JEN;
2 o7 T P w )
440 s DOIC 9:’;':[;)67], (k) + 2 | 2 (Big2 - eiﬂ)d% ),
z : i z , i
JEN; JEN:

441 where pf £ kp,, i = 1,...,N. Thus, we obtain the tracking error equation for e;(k)
142, defined in (3.5) as

443 ei(k) = L5 [0 — 0;0 )] (k) + L5 | D (65, - %ﬁ)dfj, (k)
z z ; i
JEN;
11 (3.10) + L ST (B2 — 032) L | (R), i=1,.., N

JEN; di
445 This is the desired tracking error equation for the local output tracking error e;(k).
446 Estimation error equation. Next, we introduce an estimation error to measure
147 the difference between nominal values of controller parameters and their estimates.
448 For i =1,..., N, we define

T

449 0:(k) £ (07 (), 051 (k)| jen, Oija(k)ljens]
* * * * T n *
450 (3.11) o; = [eilT’eij?HjeNﬂ0ij2|j€Ni] , 0i(k) £ 0;(k) — 67,

451 and introduce the following auxiliary signals

i wil) 2 ol (), e

d; d;

- a 1 A _ 1

153 (3.12) wi(k) = o [wi] (), & (k) = 6;(k)w; (k) — e [0:iw;] ().
454 where the notation 0;"ﬂ| jen; represents the combination of parameter vector Gjﬁ in a
455 specific order of j for j € Nj, so are the following similar notation. With definitions
456 in (3.11) and (3.12), the tracking error equation (3.10) could be rewritten into the
457  following compact form
55 (3.13) em:%WMwJﬁMN

ZTL
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Then, an estimation error ¢;(k) is defined as

(3.14) €i(k) = ei(k) + pi(k)&i(k), i =1,...,N.

where p;(k) is an estimate of pf. Combining the tracking error equation (3.10) and
the estimation error (3.14), we obtain

(3.15) ei(k) = p; 07 (K)wi(k) + pi(k)&i(k), i =1,..., N,

where p;(k) 2 p;(k) — p;. This is actually the estimation error equation, which
measures the discrepancy between nominal controller parameters and the estimated
ones.

Parameter update law. Now, we develop an adaptive parameter update law
for the estimated controller parameters in (3.9) with estimation error cost criterion.
Before this, we need to introduce an assumption to facilitate the following design.

(A5) For each agent 4, i = 1,..., N, the sign of k,,, i.e., sign[k,,], is known, and an
upper bound k9 of |k, |, i.e., k) > |kp,|, is also known.

Assumption (A5) shows certain prior knowledge of high-frequency gain k,, of
agent ¢ is required, which is necessary for the following parameter update law design
under the distributed MRAC law (3.9).

Introduce a quadratic cost function J; = €2/2m? for each agent i, i = 1,...,N,
with the defined estimation error ¢;(k) in (3.14), where m; = m;(k) is a normalization
signal defined as

(3.16) )= /1 + T (k)@i(k) + E2(R).

. . 9J; _
Then, we compute the gradients of J; with respect to 6;(k) and p;(k) as 35t =

piei(k)wi(k) 8J; _ ei(k)&i(k)
mi(k) 7 9pi —  m7(k)
negative gradient direction of J;, we develop a parameter update law as

. Updating parameter estimates 6;(k) and p;(k) along the

mgn[k%]nq(k)wz(k)

(3.17) pilk+1) = pi(k) — ”ng;zi)(’“) i=1,.,N,

where 0 < T; =TT < 2]/l<:O and 0 < ; < 2 are constant adaptive gains to be chosen
by designers. Now we have designed a gradient based parameter update law (3.17)
for each follower agent ¢, i = 1,..., N, to update parameter estimates 6;(k) and p;(k)
adaptively.

Remark 3.6. The parameter update law (3.17) requires the sign information and
bound knowledge of k,,, as specified in Assumption (A5). To be specific, sign[ky, ]
determines the update direction of the parameter estimate 6;(k), while the bound k),
sets the adaptive gain to ensure the stability of the parameter update law (3.17). Thls
requirement originates from the fact that the estimation error equation (3.15) exhibits
bilinear regression characteristics with respect to the parameter estimate 6;(k) under
the adaptive control law (3.9). Because of the explicit multiplication of pf and 6;(k)
n (3.10), it is necessary to introduce sign information and bound knowledge of k,,
for stable parameter update law derivation.
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Remark 3.7. Compared with the indirect distributed MRAC method in [34], the
proposed distributed MRAC law has the following advantages: (i) The computational
complexity is lower since the controller parameters are directly updated by the adap-
tive law (3.17) without solving a Diophantine equation online; (ii) The design of the
controller (3.9) does not rely on the parameter information of the leader system, and
thus can handle parameter uncertainties in all agents; (iii) The controller structure
(3.9) is unified for all follower agents, and thus there is no need to classify followers
according to graph connectivity.

The adaptive parameter update law (3.17) has the following properties.

LEMMA 3.8. For each agent ¢, i = 1,..., N, the proposed adaptive parameter up-
date law (3.17) ensures that 0;(k) € L™, p;(k) € L*, %(kk)) € L*NL>, 6;(k+1)—
0,(k) € L>NL>, and p;(k + 1) — pi(k) € L*> N L.

Proof. Choose positive definite function: z(él,ﬁ,) = \pj‘\észz_léz Jr’yi_lﬁf. Since
0<T, =TT < QI/kgi, k:gi > |kp,| = |pf| and 0 < 7; < 2, the time increment of
V(0;, pi) along the trajectories of parameter update law (3.17) satisfies

Vi(0i(k + 1), pi(k + 1)) = Vi(0i(k), pi(F))

e |7 (W)Tai (k) + 3:€2(K)\ (k) 2(k)
:‘@‘ w2 (k) ) =

1 m2(k) = m(k)

for some constant v; > 0. This implies that 6;(k) € L>, p;(k) € L*, and ;;_((kk)) €

L?. Then, from the equation (3.15) and the definition of m;(k) in (3.16), we have
e;(k
k€ L2NL%, 0,(k+1) — 0,(k) € LN L=, and pi(k+ 1) - p;(k) € L N L. This
completes the proof. O

Stability analysis. We now analyse the control performance achieved by the
distributed MRAC law (3.9) and parameter update law (3.17), which is specified in

the following theorem.

THEOREM 3.9. For the MAS (2.1) and (2.4) with communication graph G, under
Assumptions (A1)-(A5), if the adaptive control law (3.9) along with the parameter
update law (3.17) is applied to each follower agent i, then the closed-loop system is
stable and the output y;(k) of each follower agent tracks the leader’s output signal
yo(k) asymptotically, i.e., limg_ o €;0(k) =0, i =1,...,N.

Proof. See Appendix. O

So far, we have developed a distributed MRAC scheme for the discrete-time un-
certain MAS (2.1) and (2.4). The distributed MRAC law (3.9) with the gradient
based parameter update law (3.17) achieves leader-following asymptotical tracking
using only local neighboring information. Notably, stable implementation of parame-
ter update law (3.17) requires prior knowledge of the sign and bound of control gain
k,, as specified in Assumption (A5).

3.3. Modified distributed MRAC design: Without prior knowledge
of control gain. The uncertainty associated with high-frequency gain parameter
presents a fundamental challenge in conventional MRAC of single-agent systems.
While assuming known gain sign is a common technique for stable adaptive laws,
practical applications often cannot satisfy this condition [43]. Therefore, it is desir-
able to eliminate this constraint on prior information of high-frequency gain parame-
ter. Similarly, for uncertain MASs, their adaptive control designs encounter the same

€ L°°. Finally, with the adaptive parameter update law (3.17), we obtain
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limitation. As demonstrated earlier, Assumption (A5) remains necessary for the pa-
rameter update law (3.17) under the adaptive control law (3.9). In this subsection,
we further focus on designing a modified distributed MRAC law without relying on
the additional Assumption (A5), while still achieving the control objective.

A modified distributed MRAC law. With 67 defined in (3.11) and p} £ ky,,
we first define 8 as B £ p:60f for i = 1,..., N. Then, for each agent i, a modified
distributed MRAC law is designed as

(3.18) ui(k) = (1+ ki(k)pi (k) ™" (0F (k)wi (k) + ri (k)BT (k)wi (k) ,

where 0,(k), B;(k), p;(k) are the estimates of 6F, 8¥, p, respectively, and w;(k) is re-
gressor vector defined in (3.12), and k;(k) denotes a time-varying gain function and
will be specifically designed for each agent i to ensure (1 + x;(k)p;(k))~! remains

non-zero in the control process.

Remark 3.10. Different from the adaptive control law (3.9), we design a modified
distributed MRAC law (3.18) by introducing an extra parameter estimates 3;(k),
which implicitly estimates the control gain k,,. The purpose of this modification
is to compensate for the uncertainty of the control gain through an extra adaptive
parameter. As will be shown below, the resulting estimation error model admits a
linear regression form, which eliminates the need for prior sign information of kp. in
the parameter update law. Under the ideal case, i.e., 0;(k) = 07, 8;(k) = 87, and
pi(k) = pf, the control law (3.18) reduces to the nominal controller (3.1). To ensure
the validity of (3.18), a time-varying function «;(k) is introduced. In the following,
we show that with a proper design of x;(k), (3.18) remains non-singular at all times.

Tracking error equation. Based on the adaptive control law (3.18), we now
derive a new tracking error equation for the local output tracking error e;(k), i =
1,...,N. First, for i = 1,..., N, it follows from the dynamic model (2.1) that

ai(k+1) = Az (k) + b; | 07 (k) +65, T Z 2" +b; (ui(k) — 0 wi(k))
JEN;
= (A; + b0 b ﬂd > k) + bi (ui(k) — 0:Twi(k)) -
v jEN;

Combining the matching equation (3.8), we obtain the output signal y; (k) satisfies
* -1 * 1 n*
yi(k) = CiT (ZI - Ai— bi‘gﬂT) bieiQE Z 2" ly;](k)
' JEN:
+c.T (21 — A; — mT)*l bi [u; — 0;Tw;] (k)

= 7 Z y] n* [ul - G;Twi] (k),

]6/\/

which indicates that the local output tracking error e;(k) satisfies

(3.19) ei(k) = 2o Ju; — 0:7w,] (k), i =1,..., N.

2"

This is a signal identity for any control input w;(k). Define p} and denote p;(k)

é
being the estimate of pf for ¢ = 1,..., N. Then, it follows from ( ) that
1

2"

(3.20) wiei(k) = [ui — 07 w;] (k), i=1,..,N.
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From the adaptive control law (3.9) and the plant signal identity (3.19), we have
ui(k) = 9?(k)Wi(ﬁ)+Hi( )BT (k)wi(k) — ai(k) pi(k)u; (k)
+ai(k)z" [e) (k) = ri(k)="" [ed] (k)
= 07 (k)wi(k) + #i (k) (8] (k)wi(k) — pi(k)ui(k

i i )
+ri (k) (piui (k) — B wi(k)) — ri(k)2"" [ei] (k)
= 9?(79)%(72) + i (k)BT (k)i (k) — (k)i (k)ui (k)
(3.21) —ki(k)z" [ei] (k), i=1,...,N,

where §;(k) 2 B;(k) — 8% and p;(k) £ p;(k) — pf. Combining (3.20) and (3.21), we
derive

(7 + wi(k)) 2" [es] (k) = 67 (k)wi (k) + i (k)BT (k)wi (k) — wi(k) i (k)ui(k),

where 0;(k) £ 6;(k) — 6%. Denote p;(k) as the estimate of p? and define fi;(k) 2
pi(k) — pf. Then, for i = 1,..., N, we obtain

(i) + ri(k)) 2" [ed] (k) = pa(k)="" [eq] (k) + O (k)wi(k) + k()BT (k)i (k)

— ki (k) pi(k)ui(k).
Under the condition that u;(k) + «;(k) # 0, for i = 1,..., N, it yields
— gy A el (R) wi(k)
(322) a7 W) gy Kilbuih)

wi(k) + ki (k) pi(k) + wi(k)

For the sake of convenience, we introduce the following parameter vectors

Ni(k) = [pi(k), 07 (k), 57 (k), ps (k)]
(3.23) A2 [uZ,O*T,ﬂ*T,p,]T, Ni(k) £ Xi(k) = A7,

and the regressor signal

Mlelk) W) mWT(R) mikuik) 17

? p—

pi(k) + ki(k) " i (k) + ki(k) " (/f)+/-”w()’ pi(k) + ri(k)

Finally, with definitions in (3.23) and (3.25), the equation (3.22) could be transformed
as

(3.25) v (k) =

*

(3.26) 2" [ei] (k) = AL (k)i (k), i=1,...,N.

Now we get a closed-loop tracking error equation (3.26) for the local output tracking
error e;(k) under the proposed distributed adaptive control law (3.18).

Remark 3.11. Motivated by the signal identity (3.19), the nominal control law
ui(k) = 6Tw,;(k) ensures zero local tracking error e;(k) after n* sampling periods
when 6 is known. Replacing 6} with its estimate 6;(k) yields the certainty equivalence
adaptive control law u;(k) = 07 (k)w;(k), i.e., the distributed MRAC law (3.9). Its
validity, however, requires the strict prior knowledge of the control gain k,, as stated
in Assumption (A5).
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Parameter update law and singularity-free design. We now derive a gra-
dient based parameter update law for controller parameters in (3.18) by using an
estimation error cost criterion. For each agent i, ¢ = 1,..., N, define an estimation
error ¢;(k) as

LTy,

2"

(3.27) ei(k) = ei(k) + X (k) =[] (k) —

1
zm
Then, it can be clearly observed that the signal ¢;(k) is available at the current time
instant for each agent i, ¢ = 1,..., N. Combining the tracking error equation (3.26)
and the estimation error (3.27), we derive that

(3.28) ei(k) = AT (k)i(k), i =1,...,N,

where 1); (k) £ Z%[wl](k) This is the estimation error equation desired for the design
of parameter adaptation.

Based on the defined estimation error (3.27), for each agent i, we introduce a
quadratic cost function as J; = €7/2m?, where m; = m;(k) is a normalization signal

defined as

(3.29) mi(k) = \/1+¢] (k)Y (k).

Then, we derive the gradient of J; with respect to \;(k) as g—:{; = %w, which

motivates a gradient based parameter update law for \;(k) as
(3.29) Ai(k+1) = Xi(k) —

with 0 < Y; = YT < 21 being the constant adaptive gain to be designed.

Remark 3.12. To prevent blowup of the regressor ¢;(k), u;(k)+£;(k) must remain
nonzero during parameter adaptation, with u; (k) updated by (3.29) and «;(k) being a
designed gain function. Similarly, in the distributed adaptive law (3.18), 1+x;(k)p;(k)
must stay nonzero with p;(k) updated by (3.29). In the following, we design &;(k) to
guarantee both conditions for all agents i = 1,..., N.

Remark 3.13. The modified parameter update law (3.29) differs from (3.17) in two
key aspects: (i) it does not require prior knowledge of the sign of each agent’s uncertain
high-frequency gain k,,, and (ii) the adaptive gain Y; can be chosen without knowledge
of the gain bounds. Consequently, the modified MRAC law (3.18) no longer relies
on Assumption (A5), relaxing the design requirements. The controller introduces
an adaptive parameter 3; that implicitly embeds k,, yielding a linear regressive
estimation error (3.28) rather than the bilinear form (3.15) where p* multiplies 6; (k)
explicitly. This allows the parameter update to follow the negative gradient of J;
without sign information of k,,. Stability is ensured for T; satisfying 0 < Y¥; = Y7 <
21 without requiring gain bounds, as detailed in the subsequent analysis of (3.29).
However, the cost of the modified distributed adaptive control law (3.18) is that the
dimension of the estimated parameter vector A;(k) becomes larger compared with the
distributed MRAC law (3.17). Despite this, the proposed algorithm remains simple
to implement and tune since the parameter update law (3.29) employs a common
adaptation gain Y.
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Remark 3.14. Notably, the proposed adaptive control law (3.18) avoids using the
Nussbaum gain technique [3, 19, 20, 21, 22, 23, 24|, thereby mitigating potential
performance oscillations commonly associated with such technique. In the discrete-
time setting, a Nussbaum function N(-) satisfies

k k
lim sup % ZN(@(j)) = +o0, likrggf % Z N(8(j) = —o0,
Jj=1 Jj=1

which implies that the function value N(-) changes sign infinitely often. As a result,
when the control input is designed in the form w;(k) = N;(6;(k))v;(k) with v;(k) being
the distributed MRAC law (3.9), the oscillatory nature of the Nussbaum function
may lead to repeated sign changes and large variations in the control input during
the parameter adaptation process, which can cause undesirable transient oscillations
in the system response.

To guarantee singularity-free of the distributed adaptive control law (3.18) and
the parameter update law (3.29), the following conditions need to be guaranteed

For this purpose, we give the following lemma, which specifies the design of time-
varying gain function k,(k).

LEMMA 3.15. For each agent i, i = 1,...,N, if the time-varying gain function
ki(k) is designed as

v ) = (pa(R) +5;),  pi(k) <0,
k) = { k) s palk) >0,

with arbitrary chosen constant k; > 0, then condition (3.29) always hold in the adap-
tive process for p;(k) € R and p;(k) € R with any possible values.

The proof of this lemma is established in the literature [39, 40]. This lemma
provides a design mechanism for the time-varying gain function x;(k) that guarantees
the singularity-free operation throughout the adaptive control process.

Remark 3.16. Actually, the time-varying gain function k;(k) designed in Lemma
3.13 ensures that the terms p;(k) 4+ #;(k) and 1 + x;(k)p; (k) remain away from zero.
Specifically, with the definition of x;(k), we have

— K, pi(k) <0, pi(k) >0,

. oy ) 2pi(k) — sy pi(k) <0, pi(k) <0,
:uz(k) + :‘iz(k) - Q,Uz(k) + K, ,Oz(k) > 0, /Li(k) > 0,
—Ky, pi(k) >0, pi(k) <0,

and

1= |pi(k)|pi(k) — Kipi(k), pi(k) <O,
L rilk)pilk) = { L+ (R osk) + mopr (), pallk) > 0.

Since k; is a positive constant, we get |u;(k) + k;(k)| > k; and 1+ k;(k)pi(k) > 1

always hold throughout the adaptive process. Therefore, Lemma 3.13 guarantees that
no high-gain issues arise in the distributed adaptive control law.
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To facilitate the final stability result, we first establish the following lemma, which
specifies some beneficial properties about the given parameter update law (3.29).

LEMMA 3.17. For each agent i, i = 1,...N, the developed parameter update law
(3.29) ensures that \i(k) € L, = € L2 L, and Ai(k + 1) — (k) € L2N L,

Proof. For each agent i, choose a positive definite function as VZ(S\Z) = S\ZTT: i
Because 0 < Y; = YT < 21, combing the definition of m;(k) in (3.29) gives

: (k) e; (k)

6.
1 < _ .
m2(k) = m2(k)

X 5 HT oy
Vili(k+1)) =V (Ni(k) = — (2 _ b, (23&%’&@)

for some constant s; > 0, ¢ = 1,..., N. This implies that A;(k) € L* and Tf,;((k]g) € L2

Then, we get k) € L* from the estimation error equation (3.28). Further, from
the parameter update law (3.29), we have \;(k+1)—X;(k) € L2NL*. This completes
the proof. O

Stability analysis. Finally, the following theorem characterizes the system per-
formance under the proposed modified distributed MRAC law (3.18).

THEOREM 3.18. For the MAS (2.1) and (2.4) with communication graph G, under
Assumptions (A1)-(A4), if the adaptive control law (3.18) along with the parameter
update law (3.29) is applied to each follower agent i, then the closed-loop system is
stable and the output of each follower agent tracks the leader’s output signal asymp-
totically, i.e., limg_ o0 €i0(k) =0, i =1,...,N.

Proof. See Appendix. O

Remark 3.19. While recent literature has made significant strides in handling
unknown high-frequency gains [39, 40] and reference uncertainties [41, 42] for single-
agent systems, this paper tackles the consensus tracking control problem within an
MASSs framework. This extension is non-trivial due to some distributed control chal-
lenges. First, unlike single-agent systems with global reference access, the leader’s
information here is only available to a subset of agents. We address this by construct-
ing a virtual reference signal based on neighbors’ parameterized estimates of future
outputs. Second, stability analysis is more complex as tracking and estimation errors
are coupled across the network. By defining a local neighborhood tracking error and
exploiting its topological relationship with the global leader-following tracking error
in Lemma 3.4, we establish the stability of the entire MASs. In this framework, As-
sumption (A4) is key to ensure the well-posedness of the sequential adaptive design
and managing the error propagation across the communication network.

So far, a new distributed MRAC scheme has been developed to achieve the leader-
following tracking objective under Assumptions (A1)—(A4). The proposed control law
implicitly estimates the control gain parameter k,, , leading to a linear regressive esti-
mation error as described in (3.28). Based on this structure, a gradient-based param-
eter update law (3.29) is derived, enabling adaptive tuning without requiring prior
knowledge of uncertain system parameters. This scheme is fundamentally different
from the update law in (3.17).

In summary, a distributed MRAC framework has been developed for discrete-
time linear time-invariant uncertain MASs, which comprises a nominal distributed
MRC scheme formulated in Subsection 3.1, a fundamental distributed MRAC scheme
formulated in Subsection 3.2, and a modified distributed MRAC scheme formulated
in Subsection 3.3.
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4. Simulation study. This section demonstrates the validity of the developed
distributed MRAC schemes through a simulation case.

4.1. Simulation for distributed MRAC. This subsection first evaluates the
control performance under the distributed MRAC law (3.9) and the parameter update
law (3.17).

Simulation model. Consider an MAS consisting of one leader agent with the
system model (2.4) and four follower agents with the system model (2.1). Specifically,
the four follower agents’ system parameter matrices are as follows

Ay = 1[0,1,0;0,0,1;1,2.5,0.5] ,by = [0,0,1]" ,¢; = [0,0.5,1]7 ;

3
As = [0,1;-2,1],b3 = [0,1]", ¢5 = [0.5, —1]";
Aq = [0,1,0;0,0,1;0.25,1,—0.25] , by = [0,0,1]" , ¢4 = [0,0.25,1]" .

T 2 1"
A2:[071;130]762:[031] ,C2 = 772 5

Their transfer functions G;(z) = kp,Zi(2)/Pi(2), i = 1,2,3,4, are computed as
Pi(z) = (z+1)(z—2)(2 4+ 0.5), Z1(2) = 2(z + 0.5); Pa(2) = (z + 1)(2 — 1), Za2(2) =
2+ 1/3;P3(2) = (2 4+ 1)(2 — 2),Z3(2) = —(# — 0.5); P4(z) = (2 + 0.25)(z + 1)(z —

1),Z4(2) = z(z + 0.25) with high-frequency gain parameters as k,, = 1, k,, =
2, kp, = —1, kp, = 1. The matrices of leader agent 0 are Ay = [0.6,0.3; —0.2,0.5], by =
[1,0.5]T,co = [1,0]7 and the external input ug(k) is set as ug(k) = 0.5sin(0.05k) +
0.4 cos(0.12k). Moreover, the communication graph G is illustrated by Fig. 1.
Parameter setting. From the simulation model, we calculate the nominal pa-

rameters by the matching equation (3.2) as 0}, = [~1,-2.5,—-1]T, 01, = 1, 03, =
[-1,-1/3]T, 03, = 0.5, 03 = [-2,0]T,05, = —1,05, = [-0.25,—-1,0]7,05, = 1.
Similarly, we determine afy; = 0.6, afy, = 1, of; = [1,2.5,1]7, af, = 1, a3}, =
[272/3]Ta 062 = 2a a§1 = [72v I]Ta Ot§2 = 717 O‘Zl = [2a250]Ta 0422 =L Then7 the
ideal controller parameters 0}, i = 1,2, 3,4, can be determined as

0r = [-1,-2.5,-1,0.6,0.3,1]" 65 = [-1,-1/3,0.3,0.15,0.5] ",

05 = [-2,-0.5,—1,-2.5,—1,-2,-2/3, -1, -2]"

0% = [-0.25,-1,0,2,2/3,2,-0.5,2, ~1]T .

We set the initial parameter estimate of 6} as 6;(0) = 70%0;, i = 1,2,3,4, and p1(0) =
2, p2(0) = 0.5, p3(0) = —0.1, p4(0) = 0.2. The initial states of agents are chosen
as x0(0) = 1, 21(0) = [1,0,—1]T, 22(0) = [-0.5,0.5]7, 23(0) = [0,—0.2]T, 24(0) =
[0.1,0,0]T. Moreover, the adaptive gains are selected as 'y = 0.91, Ty = 0.91, I's =
1.2I, Ty =0.97 and 3 = 0.8, 72 = 0.8, v3 = 1.5, 74 = 0.6. From the values of high-
frequency gain parameters k,,, we get sign{k,, } = 1, sign{k,,} = 1, sign{k,,} =
—1, sign{k,,} = 1. With above parameter setting, it follows from (3.9) and (3.17)
that the distributed MRAC law and the adaptive law can be specifically determined.
Simulation results. Simulation results are presented in Figs. 2-5. Figs. 2 and 3
show the agents’ outputs y;(k), i = 0,1, 2,3, 4, and the leader-following tracking errors
en(k), 1 = 1,2,3,4, respectively, which verify the asymptotic tracking performance
under the distributed MRAC law (3.9). Fig. 4 depicts the control inputs u;(k), i =
1,2, 3,4, confirming boundedness of the closed-loop signals, while Fig. 5 illustrates
the parameter estimates p;(k), which are consistent with Lemma 3.8. Overall, these
results demonstrate the effectiveness of the proposed distributed adaptive control
scheme with the distributed MRAC law (3.9) and the parameter update law (3.17).
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Fig. 4: Control inputs u;(k) (control law  Fig. 5: Parameter estimates p;(k) (con-
(3.9)). trol law (3.9)).

4.2. Simulation for modified distributed MRAC. This subsection demon-
strates the control performance under the modified distributed MRAC law (3.18) and
the parameter update law (3.29).

Parameter setting. Still considering the same simulation model as above sub-
section, we set initial values for the modified distributed MRAC law (3.18) and pa-
rameter update law (3.29). Based on nominal values of § provided in the preceding
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subsection, we compute the corresponding parameters 3; as

BF = [-1,-2.5,-1,0.6,0.3,1]" , 85 = [-2,-2/3,0.6,0.3,1]" ,
B =[2,0.5,1,5/2,1,2,2/3,1,2]" , B; = [-0.25,—1,0,2,2/3,2,—0.5,2, —1]",

pi=1ps=-1p5s=2p=1and pj =1,pu5 = —1,pu5 = 1/2,u; = 1. Further, we
obtain A} = [uf,0;T, BT, pr]T. We set initial estimates of parameters A as \;(0) =
T0%A}, i = 1,2,3,4. The initial states of agents are selected as z¢(0) = 1, x1(0) =
[—1,0,1]7, 22(0) = [-0.5,0], 23(0) = [0,0.2]7, 24(0) = [-1,0,0]T. Moreover, the
adaptive gains are selected as Y1 = 0.9, Yo = 0.9, Y3 = 0.6/, T4, = 0.9. For
the singularity-free design, we set the parameters x; = 1, ¢ = 1,2, 3,4. With above
parameter setting, it follows from (3.18) and (3.29) that the modeified distributed
MRAC law and the adaptive law can be specifically determined.

Simulation results. Simulation results are presented in Figs. 6-9. Figs. 6 and 7
show the agents’ outputs y;(k), ¢ = 0, 1,2, 3,4, and the leader-following tracking errors
en(k), i = 1,2,3,4, respectively, which verify the asymptotic tracking performance
under the modified MRAC law (3.18). Fig. 8 depicts the control inputs u;(k), ¢ =
1,2, 3,4, while Fig. 9 illustrates the parameter estimates p;(k). These results confirm
that the parameter estimates satisfy Lemma 3.17 and that all closed-loop signals
remain bounded. Overall, Figs. 6-9 demonstrate the effectiveness of the proposed
modified distributed MRAC scheme under the relaxed conditions (Al)-(A4).

20 40 60 80 100 120 140 160 180 200 20 40 60 80 100 120 140 160 180 200
k k

Fig. 6: System outputs y;(k) (control law  Fig. 7: Leader-following tracking errors
(3.18)). eio(k) (control law (3.18)).

Remark 4.1. In the simulation study, numerical example is employed to validate
the effectiveness of the proposed distributed MRAC framework. Nevertheless, the de-
veloped method is formulated in a general state-space setting and is not restricted to
numerical examples only. Specifically, the proposed approach is applicable to a class of
practical systems with similar dynamic structures. For instance, the translational dy-
namics of unmanned aerial vehicles and the longitudinal dynamics of ground vehicles
can often be approximated by second-order systems with uncertain parameters, which
can be transformed into the form considered in this paper. However, such systems are
more commonly investigated under formation control settings, where additional struc-
tural constraints and coordination objectives are imposed. Therefore, extending the
proposed control scheme to unmanned aerial vehicle formations or vehicle platoons
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Fig. 8: Control inputs u;(k) (control law  Fig. 9: Parameter estimates p;(k) (con-
(3.18)). trol law (3.18)).

may require modifications of the control protocol to incorporate formation patterns
and system-specific characteristics. This will be considered as part of future work.

5. Concluding remarks. This work presents a systematic study of the distrib-
uted MRAC problem for a general class of uncertain discrete-time MASs. A distrib-
uted discrete-time MRAC framework is proposed. First, a nominal distributed MRC
scheme with a unified controller structure is developed under known system param-
eters, where a distributed matching equation and a parameterized reconstruction of
neighboring information are formulated. Then, an adaptive extension is constructed
by incorporating parameter update laws to handle uncertainties in both leader and
follower dynamics. Furthermore, a modified distributed MRAC scheme is proposed to
eliminate the need for prior knowledge of control gains without relying on Nussbaum
gain technique. The proposed schemes guarantee closed-loop stability and asymptotic
leader-following output tracking. Future work will extend the proposed framework
to more general settings with external disturbances or unmodeled dynamics to fur-
ther investigate its robustness. In addition, extending the approach to multi-input
multi-output agents remains a challenging problem for future research.

Appendix.

Proof of Theorem 3.9. First, we prove the control performance of follower
agent 1. Under Assumption (A4), the agent 1 is only connected with the leader agent
0. Since the leader system (2.2) is stable and with bounded reference input ug(k), it
yields that the state vector xg(k) and output signal yo(k) are bounded. Noting the
form of the regressor w;(k) in (3.12), we get ||wi(k)|| < cmaxy<; ||z1(k)|| + ¢ for the
agent 1, where ¢ > 0 is a generic constant bound. Then, since each follower agent is
detectable and satisfies minimum phase property under Assumptions (A1) and (A2),
with the boundedness of yo(k),we further obtain

A2 k)l < t t < t .
(A2)  flwr(B)l] < emax iy (D] + cmax[fus (B[] + ¢ < emaxley ()] + ¢

Given @; (k) in (3.12), it follows that

0 <
(4.3) 1 (k)] < ¢ max_flea )|+ < cmax lea(t)]| +c.
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Then, from the definition of &;(k) in (3.12) and bounded property of 6;(k) in Lemma
3.8, we obtain ||¢1(k)|| < emaxi<y ||e1(t)|| + ¢, which combines (A.3) and (3.16) gives

(A.4) [Ima(R)ll <1+[l@r(B)][+[E ()| < emax]ler ()] + c.

Moreover, from (3.14), we have

€1 (k’)

o (8) ma(k) — p1(k) (01 (k) — 07 (k — n*))on (k).

(A.5) ex(k) =

By the property 6;(k + 1) — 0;(k) € L> N L™ in Lemma 3.8, we derive that 67 (k) —
0T (k —n*) € L?> N L>™. Noting that %(kk)) € LN L* in Lemma 3.8, from the
equations (A.3), (A.4) and (A.5), it yields ||e1 (k)|| < 7(k) max;<g ||e1(¢)|| + ¢, where
7(k) > 0 denotes a generic L2N L function satisfying limy_,o, 7(k) = 0. This implies
e1(k) € L. Then, we obtain y;(k) € L> because the signal yo(k) is bounded.
From the system model (2.4), we have ky, 2™ Z1(2)[u1](k) = Pi(2)[y1](k +n*), which
implies that the input signal u;(k) € L% with y1(k) € L* and the stability of
2" Z1(z) under Assumption (A2). Then, we get the state variable z;(k) of agent 1
is also bounded with y1(k), ui(k) € L™ and the detectability of the system model
(2.1) under Assumption (Al). Hence, all system signals related to the agent 1 are
bounded. From Lemma 3.8, we have %(kk)) € L?>NL> and 0y (k)—6,(k—n*) € L NL>.
Combining the equation (A.5), we obtain e;(k) € L? N L®. This implies the local
output tracking error e (k) meets limg_, o €1(k) = 0.

Next, we consider the follower agent 2. Under Assumption (A4), agent 2 may have
three possible connectivity cases: (i) connected only to agent 0; (ii) connected only to
agent 1; or (iii) connected to both agents 0 and 1. In all cases, due to the signal bound-
edness of agents 0 and 1, the regressor ws (k) satisfies |[w2(k)|| < cmaxy<y, |22 ()| + c.
Because the agent 2 is also a minimum phase system and detectable under Assump-
tions (A1) and (A2), we derive that ||wa(k)|| < cmax;<y ||e2(t)||+c with yo(k), y1 (k) €
L*°. Then, it yields ||@2(k)|| < cmax<i ||e2(t)|| + ¢ from the definition of @, (k). Fur-
ther, we obtain that ||mo(k)|| < cmax;<y |le2(t)|| + ¢. Therefore, with the properties
of parameter estimates in Lemma 3.8, we have

Eg(k‘)
m2(k)

SO flma ()] + llp2(k)(O2(k) — O(t — )] |22k
(k) max fea (1) + .

lle2(R)[| =

ma(k) — pa(k) (Ba(k) — Oa(t - n*>>w2<k>H

IN

which indicates the local output tracking error es (k) is bounded. Following the similar
analysis as agent 1, it yields closed-loop signals involved in the agent 2 are bounded
and limg_,o e2(k) = 0.

In a similar fashion as above, we recursively prove closed-loop signals of all agents
remain bounded and the local output tracking error e;(k) meets limy_, o €;(k) =0, i =
1,...,N. Then, combining Lemma 3.4 gives limg_, o €;0(k) = 0, ¢ = 1,..., N, which
implies asymptotical leader-following tracking control objective is achieved with the
distributed MRAC law (3.9) and the parameter update law (3.17). This completes
the proof. O

Proof of Theorem 3.18. Similar to Theorem 3.9’s proof procedure, we first
consider the control performance of follower agent 1. According to Lemma 3.15 and
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Lemma 3.17, k;(k) is bounded and p;(k) + x;(k) is nonzero. With the signal bound-
edness of leader agent and the minimum phase property of follower agent, it follows
from (3.25) that ||[¢1(k)|| < cmaxi<gin+ [le1(t)]| + cmaxi<y ||w1(t)]|+ ¢. Combing the
equation (A.2), we obtain ||¢1(k)|| < emaxi<gin~ ||le1(t)]] + ¢, which together with
i (k)’s definition yields

(4.6) 12 (R)] < cmae e (8)] + .

Noting the equation (A.6), it follows from (3.29) that

(A7) s (0] < 1+ 161 ()] < ema e (1) +c.

Based on the estimation error ¢;(k) in (3.27), it yields

ex(k) = ea(k) = AT (R (k) + o= [\ o] (8)

(A3 = S0 — T (8) = AT (= ) ()

According to the conclusion of Lemma 3.17, we have %(kk)) € L2 N L*> and M'(k) -

M(k—n*) € L2N L. Then, combing the equations (A.6), (A.7) and (A.8), we obtain
lex (o)1 < || 285 | 2 (011120 00) = A (k= ) [1452 ()| < (k) e e (8)]] +
¢, which implies the local output tracking error ej(k) is bounded. Then, it yields
y1(k) € L via the bounedness of yo(k). From the system model (2.4), we have
kp, 2" Z1(2)[u1](k) = Pi(2)[y1](k 4+ n*), which implies u; (k) is bounded with y; (k) €
L and the stability of 2" Z;(z) under Assumption (A2). Hence, the state vector
x1(k) is also bounded with y;(k),u1(k) € L* and Assumption (Al). Further, we
derive that all involved system signals of agent 1 are bounded. Lemma 3.17 shows
that ;;1(&)) € L?>NL> and A1 (k) — A1 (k—n*) € LN L, which combines the equation
(A.8) indicating that e;(k) € L? N L°°. This implies limy_,, €1 (k) = 0.

Now we consider the follower agent 2. Under Assumption (A4), the control input
of agent 2 is determined by exclusively the leader agent 0, the follower agent 1, or both.
With signal boundedness of agents 0 and 1, following a similar analysis procedure as
above, we derive the signal bounedness of agent 2 and limg_, o e2(k) = 0.

Recursively, we derive all agents in the MAS are closed-loop stable and the local
output tracking error satisfies limg_,o, €¢;(k) =0, ¢ = 1,..., N. Finally, combining the
conclusion of Lemma 3.4, we obtain limg_, €;0(k) = 0, ¢ = 1,..., N. Thus, under
the distributed adaptive control law (3.18) and the parameter update law (3.29), we
achieve the leader-following asymptotical tracking control objective. This completes
the proof. O

REFERENCES

[1] W. REN AND R. W. BEARD, Distributed consensus in multi-vehicle cooperative control,
Springer, 2008.

[2] Z. MENG, G. SHI, AND K. H. JOHANSSON, Multiagent systems with compasses, SIAM Journal
on Control and Optimization, 53(2015), pp. 3057-3080.

[3] C. WaNG, C. WEN, AND L. Guo, Adaptive consensus control for nonlinear multiagent systems
with unknown control directions and time-varying actuator faults, IEEE Transactions on
Automatic Control, 66(2021), pp. 4222-4229.

This manuscript is for review purposes only.



916
917
918
919
920
921
922
923
924
925
926
927
928
929
930
931
932
933
934
935
936
937
938
939
940
941
942
943
944
945
946
947
948
949
950
951
952
953
954
955
956
957
958
959
960
961
962
963
964
965
966
967
968
969
970
971
972
973
974
975
976

977

[12]

13]

[14]

[15]

[16]

(18]

(19]

[20]
(21]

22]

(23]

24]

[25]

[26]

DISTRIBUTED MODEL REFERENCE ADAPTIVE CONTROL 25

R. OLFATI-SABER AND R. M. MURRAY, Consensus problems in networks of agents with switch-
ing topology and time-delays, IEEE Transactions on Automatic Control, 49(2004), pp.
1520-1533.

Y. HONG, G. CHEN, AND L. BUSHNELL, Distributed observers design for leader-following control
of multi-agent networks, Automatica, 44(2008), pp. 846-850.

M. Hu, T. WANG, AND Y. ZHAO, Consensus of switched multi-agent systems with binary-valued
communications, Science China Information Sciences, 65(2022), 162207.

R. AN, Y. WANG, Y. ZHAO, AND J. F. ZHANG, Consensus of high-order multiagent systems with
binary-valued communications and switching topologies, IEEE Transactions on Control of
Network Systems, 12(2025), pp. 1369-1380.

X. ZoNgG, T. L1, AND J. F. ZHANG, Consensus conditions of continuous-time multi-agent sys-
tems with additive and multiplicative measurement noises, STAM Journal on Control and
Optimization, 56(2018), pp. 19-52.

Y. ZHANG, Z. ZHANG, J. SUN, L. WANG, AND K. ZHANG, Higher-order properties and extensions
for indirect MRAC and APPC of linear systems, Science China Information Sciences,
67(2024), 142202.

R. OrDONEzZ AND K. M. PAsSINO, Adaptive control for a class of nonlinear systems with a
time-varying structure, IEEE Transactions on Automatic Control, 46(2002), pp. 152-155.

L. WEN, G. Tao, B. JiaNG, AND H. YANG, Adaptive LQ control using reduced hamiltonian
for continuous-time systems with unmatched input disturbances, STAM Journal on Control
and Optimization, 59(2021), pp. 3625-3660.

W. LE1, C. L1, AND M. Z. CHEN, Robust adaptive tracking control for quadrotors by combining
PI and self-tuning regulator, IEEE Transactions on Control Systems Technology, 27(2018),
pp. 2663-2671.

Y. WanG, W. Li, AND J. F. ZHANG, Distributed adaptive nonlinear control with fusion leask-
squares, SIAM Journal on Control and Optimization, 60(2022), pp. 3148-3172.

S. Yuan, C. Yu, AND J. SuN, Hybrid adaptive evenk-triggered consensus control with inter-
mittent communication and control updating, Journal of Systems Science and Complexity,
37(2024), pp. 2390-2405.

W. WanG, C. WEN, AND J. HUANG, Distributed adaptive asymptotically consensus tracking
control of nonlinear multi-agent systems with unknown parameters and uncertain distur-
bances, Automatica, 77(2017), pp. 133-142.

J. HuaNG, Adaptive output synchronization for a class of uncertain nonlinear multi-agent
systems over switching networks, IEEE Transactions on Automatic Control, 69(2024), pp.
2645-2651.

K. L1, X. FAnG, K. ZHAO, AND Y. SONG, Angle-constrained adaptive formation control with
prescribed performance for multiple nonholonomic mobile robots, IEEE Transactions on
Industrial Electronics, 72(2025), pp. 6307-6316.

H. L1, Q. YANG, M. ZHANG, Z. WU, AND S. S. GE, Adaptive fault tolerant cooperative control
for hybrid nonlinear multiagent systems via switching functional, Automatica, 177(2025),
112298.

W. CHEN, X. L1, W. REN, AND C. WEN, Adaptive consensus of multi agent systems with un-
known identical control directions based on a novel Nussbaum-type function, IEEE Trans-
actions on Automatic Control, 59(2014), pp. 1887-1892.

7. DING, Adaptive consenus output regulation of a class of nonlinear systems with unknown
high-frequency gain, Automatica, 51(2015), pp. 348-355.

L. Liu, Adaptive cooperative output regulation problem for a class of monlinear multi-agent
systems, IEEE Transactions on Automatic Control, 60(2015), pp. 1677-1682.

M. Guo, D. Xu, AND L. Liu, Cooperative output regulation of heterogeneous nonlinear multi-
agent systems with unknown control directions, IEEE Transactions on Automatic Control,
62(2017), pp. 3039-3045.

T. Liu AND J. HuaNG, Cooperative output regulation for a class of monlinear multi-agent
systems with unknown control directions subject to switching networks, IEEE Transactions
on Automatic Control, 63(2018), pp. 783-790.

Z. Liu, J. HuaNG, C. WEN, AND X. Su, Distributed control of nonlinear systems with unknown
time varying control coefficients: A novel Nussbaum function approach, IEEE Transactions
on Automatic Control, 68(2023), pp. 4191-4203.

M. Boum, M. A. DEMETRIOU, S. REICH, AND I. G. ROSEN, Model reference adaptive control
of distributed parameter systems, SIAM Journal on Control and Optimization, 36(1998),
pp- 33-81.

P. A. IoOANNOU AND J. SUN, Robust adaptive control, Englewood Cliffs, NJ, USA: Prentice-Hall,
Inc., 1996.

This manuscript is for review purposes only.



978
979
980
981
982
983
984
985
986
987
988
989
990
991
992
993
994
995
996
997
998
999
1000
1001
1002
1003

1009
1010
1011
1012
1013
1014
1015
1016
1017
1018
1019
1020
1021
1022

[41]
(42]

[43]

Y. XU, Y. ZHANG AND J. F. ZHANG

. Tao, Adaptive control design and analysis, John Wiley & Sons, Hoboken, NJ, 2003.

MEel, W. REN, AND Y. SONG, A unified framework for adaptive leaderless consensus of
uncertain multiagent systems under directed graphs, IEEE Transactions on Automatic
Control, 66(2021), pp. 6179-6186.

. YUE, S. BaLpI, J. CA0, AND B. D. SCHUTTER, Model reference adaptive stabilizing con-
trol with application to leaderless consensus, IEEE Transactions on Automatic Control,
69(2024), pp. 2052-2059.

. SONG, Adaptive control for distributed leader-following consensus of multi-agent systems,
Ph.D. thesis, University of Virginia, Charlottesville, VA, 2015.

S. BALDI AND P. FrAsca, Adaptive synchronization of unknown heterogeneous agents: An

adaptive virtual model reference approach, Journal of the Franklin Institute, 356(2019),
pp- 935-955.

D. Yug, J. Su1, L. SHI, P. FRASCA, AND S. BALDI, Model reference adaptive stabilizing

control for leader-following consensus, IEEE Transactions on Automatic Control, doi:

10.1109/TAC.2025.3562457, 2025.

=@

o

Q

S. BALDI, S. YUAN, AND P. FrAsCA, OQutput synchronization of unknown heterogeneous agents
via distributed model reference adaptation, IEEE Transactions on Control of Network Sys-
tems, 6(2019), pp. 515-525.

J. Guo, Y. ZHANG, AND J. F. ZHANG, Distributed output feedback indirect MRAC of

continuous-time multiagent linear systems, SIAM Journal on Control and Optimizaiton,
63(2025), pp. 1616-1640.

G. SoNG AND G. Tao, Adaptive leade-following state consensus of multiagent systems with
switching topology, International Journal of Adaptive Control and Signal Processing,
32(2018), pp. 1508-1528.

W. Liu AND J. HUANG, Adaptive leader-following consensus for a class of higher-order non-
linear multi-agent systems with directed switching networks, Automatica, 79(2017), pp.
84-92.

Y. Xu, Y. ZHANG, AND J. F. ZHANG, Leader-following adaptive tracking control for a class of
uncertain discrete-time nonlinear multi-agent systems under event-triggered communica-
tion, Journal of Systems Science and Complexity, 38(2025), pp. 756-781.

T. R. OLIVEIRA, A. J. PEIXOTO, AND L. Hsu, Sliding mode control of uncertain multivariable
nonlinear systems with unknown control direction via switching and monitoring function,
IEEE Transactions on Automatic Control, 55(2010), pp. 1028-1034.

Y. Xu, Y. ZHANG, AND J. F. ZHANG, Singularity-free adaptive control of discrete-time lin-
ear systems without prior knowledge of the high-frequency gain, Automatica, 165(2024),
111657.

Y. Xu, Y. ZHANG, AND J. F. ZHANG, Parameter estimation and tracking control of MIMO lin-
ear systems without prior knowledge of control signs and parameter bounds, IEEE Trans-
actions on Automatic Control, 70(2025), pp. 3695-3710.

G. Tao, Adaptive output tracking control with reference model system uncertainties: Exten-
stons, arxiv preprint, arxiv: 2412.11454, 2024.

G. TAo, Adaptive output tracking control with reference model system uncertainies, Automat-
ica, 174(2025), 112174.

C. WANG, C. WEN, AND L. Guo, Multivariable adaptive control with unknown signs of the high-
frequency gain matriz using novel Nussbaum functions, Automatica, 111(2020), 108618.

This manuscript is for review purposes only.



	Introduction
	Problem statement
	System model
	Graph theory
	Control objective and assumptions
	Technical issues

	Distributed MRAC designs
	Nominal control design: Known parameter case
	Distributed MRAC design: Unknown parameter case
	Modified distributed MRAC design: Without prior knowledge of control gain

	Simulation study
	Simulation for distributed MRAC
	Simulation for modified distributed MRAC

	Concluding remarks
	References

