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Abstract. This paper proposes a distributed state feedback model reference adaptive con-4
trol (MRAC) framework for discrete-time linear time-invariant uncertain multi-agent systems. Dis-5
tinct from existing methods, this study pioneers the extension of conventional discrete-time MRAC6
methodology to effectively address distributed control scenarios. Taking the reference model as the7
leader to be tracked, each follower agent synthesizes a unified distributed MRAC law by utilizing8
state information available from its neighboring agents. Incorporating a gradient based parame-9
ter update law with partial knowledge of control gains, the proposed method ensures closed-loop10
stability and asymptotic leader-following tracking. Unlike conventional distributed observer based11
methods limited to autonomous leaders, this method allows external reference inputs for the leader.12
Particularly, the proposed method effectively manages parametric uncertainties in both leader and13
follower dynamics, addressing a notable limitation of existing methods that typically assume perfect14
knowledge of the leader’s dynamics. Furthermore, to handle completely unknown control gains, a15
modified distributed MRAC law is developed by introducing an implicit estimate of the control gain16
parameter. This design leads to a linear regression form of the estimation error equation, thereby17
eliminating the need for prior knowledge of control gain signs or bounds in the gradient based pa-18
rameter update law. This method avoids using Nussbaum gain functions, thus preventing potential19
adverse oscillations commonly associated with existing distributed adaptive protocols. Simulation20
results validate the theoretical findings.21
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1. Introduction. In recent decades, the cooperative control of multi-agent sys-25

tems (MASs) has emerged as a focal point within the control community due to its26

significance in some practical domains like smart grids, formation flying, and so on.27

In this direction, numerous remarkable works have been published to develop various28

cooperative control algorithms for MASs [1, 2, 3]. From the perspective of control29

objectives, consensus serves as the foundation for many sophisticated cooperative con-30

trol tasks. To be specific, consensus control for MASs seeks to establish a uniform31

behavior throughout the agent network using distributed coordination mechanisms.32

This uniform behavior is determined either by all participants within the MASs or33

by a specified agent of the MASs, corresponding to leaderless consensus and leader-34

following tracking, respectively. To date, consensus control has attracted extensive35

investigation given its fundamental importance in the MASs research [4, 5, 6, 7, 8].36

For example, [4] studied the graph conditions required for consensus convergence in37
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MASs with linear dynamics. For second-order MASs under switching topology, [5]38

developed distributed observer method to address the leader-following tracking prob-39

lem. Moreover, considering measurement noises, the works in [6, 7] addressed the40

leaderless consensus problem under binary-valued communication.41

Initially, the design of consensus protocols relies on precise agent dynamics [4, 5, 6,42

7, 8]. However, in practical applications, various system dynamic uncertainties cannot43

be ignored by designers [9, 10, 11, 12]. Consequently, using adaptive techniques to44

design consensus protocols of MASs for combating challenging system uncertainties45

has become a widely concerned research topic. Along this line, significant progress has46

been made over the past decades [13, 14, 15, 16, 17, 18]. For example, [15] designed47

a backstepping based adaptive distributed protocol for high-order nonlinear MASs48

subject to mismatched uncertainties. For MASs with autonomous leader dynamics,49

[16] studied the leader-following output synchronization problem by employing the50

distributed observer technique. To achieve angle-constrainted formation for uncertain51

nonholonomic mobile robots, [17] presents a user-friendly adaptive formation control52

scheme, reducing sensing links and computational cost largely. It is notable that53

some prior knowledge about the unknown control gain are necessary for adaptive54

consensus control when agent possesses uncertain control gain [15]. To overcome this,55

some Nussbaum gain based consensus algorithms have been proposed [3, 19, 20, 21,56

22, 23, 24]. Specifically, [19, 20, 21] employ multiple Nussbaum functions under the57

assumption of identical control directions to achieve adaptive consensus without gain58

knowledge. For agents with possibly different control directions, compensator based59

networks in [22, 23] enable output regulation without prior gain information. Notably,60

these methods focus on continuous-time MASs, where Lyapunov based analysis is61

central to design adaptive parameter laws.62

As is well known, model reference adaptive control (MRAC) is a widely stud-63

ied technique for ensuring closed-loop stability and tracking of uncertain linear and64

nonlinear systems [25, 26, 27]. Recently, MRAC has been extended to MASs for65

consensus control [28, 29, 30, 31, 32, 33, 34, 35]. For example, [28] proposed an adap-66

tive leaderless consensus scheme for linear MASs with matching uncertainties, while67

[29] developed a model reference based stabilizing consensus strategy for heteroge-68

neous MASs. To achieve leader-following tracking, [30, 31, 32] designed distributed69

continuous-time MRAC schemes using state feedback. For instance, [31] designed70

a fictitious reference signal based state synchronization method for heterogeneous71

continuous-time linear MASs, where agent disconnected to the leader converged to72

a virtual model defined by its neighbors. Furthermore, [33] presented a direct dis-73

tributed output feedback MRAC methodology for continuous-time MASs, relying on74

the communication of agents’ control inputs among neighbors. Utilizing the indirect75

adaptive control technique, [34] introduced an indirect distributed MRAC framework76

for MASs in continuous-time dynamics, where system parameters of each agent are77

estimated for constructing virtual reference model and obtaining controller’s param-78

eter estimates. Notably, these distributed MRAC methods still require some prior79

knowledge of the control gain when designing adaptive laws, which is similar to the80

traditional MRAC [26, 27].81

Despite considerable advancements in MASs consensus control, some open prob-82

lems still exist. As is mentioned above, MRAC based distributed consensus designs83

have been extensively studied for continuous-time MASs. However, their discrete-time84

counterparts have been largely overlooked. Due to the essential stability differences85

between the continuous-time and discrete-time systems, the continuous-time MASs86

consensus methods cannot be directly transferred to the discrete-time counterparts.87
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Furthermore, existing distributed adaptive consensus algorithms face significant chal-88

lenges: they typically require prior knowledge such as the signs and bounds of un-89

certain control gain parameters, or depend on oscillatory Nussbaum gain function90

methods for solving unknown sign information of the control gain parameters. These91

constraints significantly restrict their practical applicability. To address this gap,92

this study aims to propose a new distributed MRAC framework to achieve leader-93

following tracking control for a general class of uncertain discrete-time MASs. Taking94

the reference model as the leader agent, we will develop a unified distributed con-95

troller structure for all follower agents with uncertainties by using local neighboring96

information. The reference model is driven by an external control input thus being97

non-autonomous, which is typically different from common distributed observer based98

design methods [16, 36, 37]. Moreover, the dynamics of leader agent is also consid-99

ered as uncertain with unknown parameters, which has not been studied in most100

existing literature related to distributed MRAC. Furthermore, we will consider that101

the control gain related parameter is completely unknown for each follower agent. In102

this case, based on our previous experience on addressing unknown control direction103

[39, 40], we will design a modified distributed MRAC law to achieve desired control104

performance without introducing Nussbaum gain function. In short, this paper’s key105

innovative contributions are as follows.106

(i) A new distributed MRAC framework is developed for a general class of uncer-107

tain discrete-time linear MASs. Based on neighbors’ measurable signals, each108

follower agent constructs a parameterized virtual reference signal suitable for109

adaptive design. Then, with known control gain sign and bound knowledge,110

a distributed adaptive controller along with a gradient based parameter up-111

date law is developed to ensure closed-loop stability and achieve asymptotic112

leader-following output consensus.113

(ii) Compared with existing MRAC based distributed consensus methods [30, 32,114

33, 34, 35], the proposed strategy in this paper introduces a unified distrib-115

uted controller structure for each follower in discrete-time MASs. Notably,116

the leader agent system considered in this study incorporates parameter un-117

certainties, whereas most existing methods assume exact knowledge of the118

leader’s dynamics [32, 33, 34]. Furthermore, the proposed framework accom-119

modates an external reference input for the leader agent, which distinguishes120

it from conventional distributed observer based methods that are typically121

applicable only to MASs with an autonomous leader [16, 36, 37].122

(iii) To address the challenge posed by completely unknown control gains, a mod-123

ified distributed MRAC law is proposed. The key idea is to incorporate the124

uncertain control gain into a new adaptive parameter, which leads to a linear125

regression structure for the estimation error equation. As a result, the design126

of parameter update law does not require prior knowledge of the control gain127

signs or bounds, which are typically required in most existing distributed128

consensus protocols [13, 15, 32, 33]. Moreover, unlike existing approaches129

that rely on Nussbaum gain functions to deal with unknown control direc-130

tions, the proposed scheme avoids introducing Nussbaum dynamics and thus131

prevents the potential oscillatory behavior associated with such techniques132

[3, 19, 20, 21, 22, 23, 24].133

The remaining contents of this study are as follows. Section 2 formulates the134

research problem, including the system model, the control objective, and the design135

conditions. Moreover, we outline the key technical issues to be solved. Section 3136

presents the main results of the paper, where a nominal distributed controller and137
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a unified distributed MRAC framework are first developed. Further, we design a138

modified distributed MRAC law to handle the challenge of completely unknown con-139

trol gain parameter of follower agent. In this section, we detail the whole design140

process and present a systematic stability analysis. In Section 4, simulation study is141

conducted to validate the proposed methods. Finally, Section 5 concludes this paper.142

Notation. Throughout this paper, R denotes the set of real numbers. The symbols143

z and z−1 represent the time advance and time delay operators, respectively, i.e.,144

z[x](k) = x(k + 1) and z−1[x](k) = x(k − 1), where k ∈ {0, 1, 2, 3, ...}, x(k) ≜ x(kT )145

for a sampling period T > 0, and x(k) is any finite dimensional signal. We define146

the signal spaces: L∞ = {x(k) : ||x(·)||∞ <∞, ||x(·)||∞ = supk≥0 max1≤i≤n |xi(k)|}147

and L2 = {x(k) : ||x(·)||2 < ∞, ||x(·)||2 = (
∑∞
k=0 |x1(k)|2 + · · · + |xn(k)|2)

1
2 } for148

x(k) = [x1(k), ..., xn(k)]
T ∈ Rn. The symbol c > 0 denotes a generic signal bound,149

and τ(k) denotes a generic L2 ∩ L∞ function converging to zero as k → ∞. For any150

vector signal x(k), ∥x(k)∥ denotes its Euclidean norm. The notation I denotes the151

identity matrix.152

2. Problem statement. This section formulates the system model, the control153

objective, and assumptions, and articulates the key technical issues to be addressed.154

2.1. System model. Consider a discrete-time MAS consisting of N follower155

agents and one leader agent. The dynamic model of the ith follower agent, i = 1, ..., N ,156

is expressed as the following linear system157

xi(k + 1) = Aixi(k) + biui(k), yi(k) = cTi xi(k),(2.1)158

where xi(k) ∈ Rni , ui(k) ∈ R, and yi(k) ∈ R are the state vector, control input,159

and system output, respectively, of agent i. Moreover, Ai ∈ Rni×ni , bi ∈ Rni , and160

ci ∈ Rni denote system matrices with unknown parameters. From the state space161

model (2.1), we derive the inpuk-output description of agent i as162

yi(k) = Gi(z)[ui](k), i = 1, ..., N,(2.2)163

where164

Gi(z) = cTi (zI −Ai)
−1bi = kpi

Zi(z)

Pi(z)
(2.3)165

is the transfer function of the ith system dynamics. Particularly, kpi ̸= 0 is called166

as the high-frequency gain of the system (2.2), i.e., the control gain parameter of167

the system (2.2), and Pi(z) and Zi(z) are monic polynomials with unknown constant168

coefficients and of degrees ni and mi, respectively. Moreover, ni −mi > 0 is referred169

as the relative degree of agent i. In this paper, we consider that the state vector xi(k)170

is measurable and utilizable for every agent i, i = 1, ..., N .171

The dynamics of the leader agent is described by a stable linear system model as172

x0(k + 1) = A0x0(k) + b0u0(k), y0(k) = cT0 x0(k),(2.4)173

where x0(k) ∈ Rn0 is the state vector of the leader, u0(k) ∈ R is a bounded external174

reference input signal, and y0(k) ∈ R is the system output of the leader. Moreover,175

A0 ∈ Rn0×n0 , b0 ∈ Rn0 and c0 ∈ Rn0 are time invariant matrices such that A0 is176

stable and G0(z) = cT0 (zI − A0)
−1b0 = kp0

Z0(z)
P0(z)

has relative degree n∗. Particularly,177

this study assumes that A0, b0 and c0 are unknown. Furthermore, it is assumed that178

the state variable x0(k) is available for the leader agent.179
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Remark 2.1. Unlike conventional MRAC frameworks that typically address track-180

ing for a single plant [27], this study develops a distributed discrete-time MRAC for181

an MAS comprising N followers (2.1) and one leader (2.4). The leader serves as182

the reference, generating output via a bounded external input, and uncertainties are183

present in both follower (2.1) and leader (2.4) dynamics.184

2.2. Graph theory. The communication network among N + 1 agents (one185

leader and N followers) is represented by a directed graph G = (V, E), where V is186

the vertex set and E ⊂ V × V is the edge set. Each vertex denotes an agent, and a187

directed edge (j, i) denotes that the agent i can receive the information from agent j188

(but not vice versa), making j a neighbor of i. Vertex 0 represents the leader agent.189

For each follower i, i = 1, ..., N , define its neighbor set Ni = {j ∈ V : (j, i) ∈ E}.190

The adjacency matrix A = [aij ] ∈ R(N+1)×(N+1) satisfies aii = 0, and aij = 1 for191

i ̸= j if and only if (j, i) ∈ E . In particular, for i = 1, ..., N , ai0 = 1 if and only if the192

agent i can access the information of leader agent 0. Moreover, di, i, ..., N , denotes193

the indegree of follower agent i, i.e., the number of agents in its neighbor set Ni.194

2.3. Control objective and assumptions.195

196

Control objective. This paper aims to develop distributed adaptive control197

strategies based on local neighbor information for each follower agent, such that all198

signals in the closed-loop system are bounded and the outputs of all follower agents199

asymptotically track the output of leader, i.e., limk→∞(yi(k)−y0(k)) = 0, i = 1, ..., N.200

Assumptions. In order to achieve the control objective, the following design201

conditions are needed.202

(A1) For each follower agent i, i = 1, ..., N , (Ai, bi, ci) is stabilizable and detetable.203

(A2) The polynomial Zi(z) in (2.3) is stable for each follower agent i, i = 1, ..., N .204

(A3) The degree ni, i = 0, ..., N , is known and the relative degree of agent i is205

ni −mi = n∗ for i = 1, ..., N .206

(A4) The directed graph G is acyclic and has at least one directed spanning tree with207

the leader agent being the root.208

Assumption (A1) is to ensure output matching and internal signal boundedness209

[27]. Assumption (A2) is the so-called minimum phase condition essential for sta-210

ble model reference control (MRC) in single-agent systems [27]. Assumption (A3)211

specifies the system degree ni, which determines the degree of estimated controller212

parameters and enables the construction of a parameterized model. Moreover, it is213

necessary for the follower agents (2.1) to have identical system relative degree n∗ equal214

to the leader (2.4) to ensure model matching. This condition, fundamental in con-215

ventional MRAC [27], is also adopted here for distributed MRAC design [30, 33, 34].216

Finally, Assumption (A4) shows the interaction graph connectivity, which ensures217

well-definedness of the distributed control laws to be designed. This connectivity218

requirement is standard for some distributed control protocols [30, 33, 31]. Given219

Assumption (A4), the adjacency matrix A possesses an upper triangular form under220

a specific vertex permutation. For the convenience of following design, we order the221

agents such that the adjacency matrix A of graph G is upper triangular.222

2.4. Technical issues. Now, we articulate the key technical issues in designing223

distributed MRAC framework for the MAS comprising of (2.1) and (2.4).224

In MASs, some follower agents cannot access the leader’s reference directly due to225

network connectivity. Therefore, each follower must generate a valid reference signal226

using only local neighbor information. To this end, distributed observers have been227
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widely studied[16, 36], initially for cooperative output regulation without uncertainties228

and later extended to MASs with follower uncertainties [16, 36, 37]. For example, [16]229

proposed a distributed adaptive observer to estimate the leader’s state and dynamics,230

enabling a virtual reference for adaptive control. However, these methods assume an231

autonomous leader; for leaders driven by external inputs u0(k), distributed observer232

may fail since the response of leader is jointly determined by the dynamics matrix233

and the reference input. We thus require a new reference signal design by utilizing234

local neighboring information to achieve tracking for the leader (2.4) with an external235

input u0(k).236

In addition, the dynamic uncertainties of agents (2.1) and (2.4) in the MAS need237

to be addressed. Although some results have been made in leader-following adaptive238

tracking for continuous-time MASs [13, 15, 16, 30, 32, 31], there are few studies focus-239

ing on discrete-time MASs. This gap exists because most continuous-time methods240

rely on Lyapunov-based techniques to develop parameter adaptation laws and perform241

unified stability analysis of both tracking and estimation errors, which is not applica-242

ble to the discrete-time MAS described in (2.1) and (2.4). Moreover, while the existing243

distributed continuous-time MRAC methods can handle non-autonomous leader dy-244

namics [30, 32, 33, 34, 31], some notable issues persist: The controller structures245

in [30, 32, 33, 34, 31] vary depending on whether the agents are leader-connected246

or leader-disconnected, and thus lack a unified MRAC architecture; Moreover, the247

methods in [32, 33, 34, 31] rely on the condition that the reference system model248

information is completely known. In contrast, this study considers uncertainties in249

both the follower agents (2.1) and the leader system model (2.4). Therefore, the250

development of a unified distributed MRAC framework capable of accommodating251

uncertainties across all agents represents a key challenge addressed in this work.252

Furthermore, we investigate the situation in which the control gain parameter kpi253

in the system model (2.2) is completely unknown except for its non-zero nature, an254

aspect overlooked in some existing MASs consensus studies. Specifically, some prior255

works either neglect this gain uncertainty [13, 16, 17] or require its prior knowledge,256

i.e., the sign information of kpi , for stable adaptive control design [15, 30, 32, 33,257

34, 35, 31]. Notably, the sign information of control gain parameter represents the258

control direction and may be unavailable in some practical engineering systems [43].259

While some Nussbaum gain based MASs consensus methods addressed the difficulty260

of completely unknown control gain [3, 19, 20, 21, 22, 23, 24], such methods generally261

suffer from adverse oscillations due to inherent limitations of Nussbaum gain functions262

[38]. Therefore, it is imperative to design an adaptive leader-following tracking control263

method for the MAS (2.1) and (2.4) under the restriction of completely unknown264

control gain parameter kpi without relying on Nussbaum gain function. In this work,265

we devote to solve this issue by employing the method proposed in [39, 40], which266

was originally developed for single-agent systems.267

With the aforementioned clarifications in mind, the following technical issues will268

be solved in this work.269

• How to devise a virtual reference signal by using local neighboring informa-270

tion to achieve asymptotic tracking for the non-autonomous leader reference271

system (2.4) with parametric uncertainties;272

• How to develop a unified distributed MRAC law for the discrete-time linear273

MAS (2.1) and (2.4) with the presence of parameter uncertainties affecting274

all agents, including both the follower agents and the leader system;275

• How to address the uncertainty in control gain kpi when designing a unified276

distributed MRAC law for each follower agent that removes the need for prior277
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control gain parameters knowledge of the system (2.2) and does not rely on278

conventional Nussbaum gain functions.279

3. Distributed MRAC designs. This section develops a distributed state280

feedback MRAC framework for the MAS consisting of (2.1) and (2.4). Consider-281

ing that the state information can be shared among neighboring nodes through the282

interaction graph G, we would first construct a nominal distributed MRC scheme un-283

der the assumption that all system parameters were known, in order to illustrate the284

fundamental control structure. Subsequently, we present an adaptive version of the285

nominal control structure to address parameter uncertainties within the agents. Fi-286

nally, we devote to design a modified MRAC law to handle the complete uncertainty287

associated with the control gain parameter kpi in the follower agent’s model (2.2).288

Stability analysis shows the stability of closed-loop system and the desirable output289

tracking performance with the developed distributed adaptive control schemes.290

3.1. Nominal control design: Known parameter case. First, we design a291

nominal distributed MRC scheme for the MAS consisting of (2.1) and (2.2) with all292

system parameters being known.293

Nominal controller structure. Suppose all system parameters Ai, bi, ci, i =294

0, 1, ..., N , are prior known, a unified nominal distributed control law for each agent295

i, i = 1, ..., N , is designed as296

ui(k) =
1

di

∑
j∈Ni

(
θ∗Ti1 xi(k) + θ∗Tij1xj(k) + θ∗ij2uj(k)

)
,(3.1)297

where θ∗i1 ∈ Rni , θ∗ij1 ∈ Rnj , θ∗ij2 ∈ R are some constant parameters to be determined298

by utilizing agents’ system parameters, xi(k) is the measurable state variable of agent299

i, and xj(k) and uj(k) are the state and input of neighboring agent j ∈ Ni. Moreover,300

di is the indegree of the agent i, i.e., the total agent number in the neighbor set Ni.301

Now, we give the details about calculating the controller parameters θ∗i1, θ
∗
ij1, θ

∗
ij2302

in (3.1) for i = 1, ..., N . First, for i = 1, ..., N , there exist some constant parameters303

θ∗i1 and θ∗i2 such that304

det(zI −Ai − biθ
∗T
i1 ) = zn

∗
Zi(z)θ

∗
i2, θ

∗
i2 =

1

kpi
.(3.2)305

This existence of θ∗i1 and θ∗i2 is ensured by Assumptions (A1) and (A2). Readers may306

refer to the monograph [27] for details on single-agent systems. Thus, the controller307

parameters θ∗i1, i = 1, ..., N , can be calculated from the equation (3.2).308

Since each follower agent and the leader agent have the relative degree n∗, this309

implies that ciA
j
i bi = 0 for j = 1, ..., n∗ − 2, i = 0, 1, ..., N , and ciA

n∗−1
i bi ̸= 0 for310

i = 0, 1, ..., N . Thus, motivated by the idea in [41, 42], using the definition of system311

relative degree, for i = 0, 1, ..., N , we obtain312

yi(k + j) =

{
ciA

j
ixi(k), j = 0, ..., n∗ − 1,

ciA
j
ixi(k) + ciA

j−1
i biui(k), j = n∗.

313

Therefore, the system future time output signal yi(k + n∗) can be expressed by314

xi(k), ui(k) as315

yi(k + n∗) = α∗T
i1 xi(k) + α∗

i2ui(k), i = 0, 1, ..., N,(3.3)316
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where α∗
i1 ∈ Rni and α∗

i2 ∈ R are constant parameters related to the system parame-317

ters (Ai, bi, ci). With α∗
i1, α

∗
i2 in (3.3) and θ∗i2 in (3.2), the controller parameters θ∗ij1318

and θ∗ij2 are determined by319

θ∗ij1 = θ∗i2α
∗
j1, θ

∗
ij2 = θ∗i2α

∗
j2, i = 1, ..., N, j ∈ Ni.(3.4)320

So far, all nominal controller parameters in (3.1) are determined based on the equa-321

tions (3.2) and (3.3) assuming that all system parameters are known.322

Remark 3.1. From (3.1), one can see that the computation of each control in-323

put ui(k) depends on its neighboring control input uj(k). This information exchange324

enables the construction of a virtual reference signal for the distributed consensus325

tracking control design when the leader is non-autonomous. Based on Assumption326

(A4), all agents in the MAS are ordered such that A is upper triangular. Consequently,327

the control input u1(k) can be determined first using the reference input u0(k), en-328

abling the sequential computation of all subsequent control inputs from agent 1 to N .329

In other words, all control inputs are well-defined under the graph structure, which330

is adopted in some prior literature [30, 33, 35, 31]. Such a sequential dependency is331

reasonable in certain MAS scenarios, where agents make their control actions based332

on information exchanged with their neighbors. Since each agent exchanges its state333

vector and a scalar control input with its neighbors, this design increases the com-334

munication burden. How to reduce the communication burden within the proposed335

framework is an important issue and will be considered in our future research336

Remark 3.2. Based on (3.3), the signal yi(k + n∗) can be expressed in terms of337

its own parameter information, state vector, and control input. By exchanging state338

vectors, control inputs, and parameter information with neighbors, the controller (3.1)339

can be implemented without requiring knowledge of the leader’s information. There-340

fore, the nominal controller (3.1) is distributed since it relies only on local neighboring341

information. For systems with unknown parameters, the expression (3.3) serves as a342

parameterized form and plays a critical role in the adaptive parameter estimation, as343

will be demonstrated in the following sections.344

Remark 3.3. In this work, we regard the interaction graph G of the MAS (2.1)345

and (2.4) is unweighted. That is, the link weight aij is set to 1 if agent i could receive346

agent j’s information. Therefore, the weight aij could be omitted in the nominal347

controller (3.1). However, to depict the varying influences among individuals, the link348

weight aij can be assigned distinct positive values. In this weighted graph case, the349

information from neighbors needs to be multiplied by the communication link weight350

to design the controller for each follower agent i, i = 1, ..., N . A feasible control law351

in this situation takes the following form:352

ui(k) =
1∑

j∈Ni
aij

∑
j∈Ni

aij
(
θ∗Ti1 xi(k) + θ∗Tij1xj(k) + θ∗ij2uj(k)

)
.353

The adjustment for the weighted graph case follows an idea similar to the continuous-354

time distributed MRAC law studied in [32, 33]. The control strategy and design355

methodology proposed in this study may be generalized to address the weighted graph356

case by incorporating appropriate weighted parameters aij . Such an extension would357

entail a significant increase in both computational effort and system complexity, which358

needs further investigation. In this paper, we assume unit weights (aij = 1) in the359

formulation of the distributed MRAC framework.360
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Stability analysis. Next, we proceed to analyze the system performance of the361

MAS under the nominal distributed control law (3.1). To this end, we formally define362

the local output tracking error and the leader-following tracking error as follows363

ei(k) = yi(k)−
1

di

∑
j∈Ni

yj(k), i = 1, ..., N,(3.5)364

ei0(k) = yi(k)− y0(k), i = 1, ..., N,(3.6)365

respectively. The local output tracking error ei(k) quantifies the deviation between366

follower agent i’s output and its neighbors’ average output. The leader-following367

tracking error ei0(k) characterizes the discrepancy of system output between the fol-368

lower agent and the leader. In the following lemma, a crucial property is shown to369

clarify the relationship between ei(k) and ei0(k).370

Lemma 3.4. For the considered MAS comprising of N follower agents and one371

leader agent under the communication graph G, if the local tracking error ei(k) defined372

in (3.5) satisfies limk→∞ ei(k) = 0 (or ei(k) = 0), then the leader-following tracking373

error would satisfy limk→∞ ei0(k) = 0 (or ei0(k) = 0) for i = 1, ..., N .374

Proof. The proof of Lemma 3.4 closely follows those of Lemma 4.1 in [30] and375

Lemma 3.6 in [34]. Therefore, it is omitted here for brevity. □376

From this lemma, we see that the leader-following consensus tracking objective377

is achieved if all local output tracking errors satisfy limk→∞ ei(k) = 0. Conversely,378

limk→∞ ei(k) = 0 would be obvious if limk→∞ ei0(k) = 0. Thus, Lemma 3.4 shows379

limk→∞ ei(k) = 0 is necessary and sufficient for limk→∞ ei0(k) = 0. Based on this380

observation, the following theorem establishes the closed-loop signal boundedness and381

characterizes the leader-following tracking performance achieved by the nominal dis-382

tributed controller (3.1).383

Theorem 3.5. Under Assumptions (A1)-(A4), the nominal distributed controller384

(3.1) ensures that all closed-loop signals are bounded and the output of each follower385

agent yi(k) precisely tracks the output of leader agent y0(k) after n
∗ sampling periods,386

that is, ei0(k + n∗) = 0, i = 1, ..., N .387

Proof. For each agent i, i = 1, ..., N , substituting the controller (3.1) into the388

state equation of the system model (2.1), we obtain389

xi(k + 1) = Aixi(k) +
bi
di

∑
j∈Ni

(
θ∗Ti1 xi(k) + θ∗Tij1xj(k) + θ∗ij2uj(k)

)
390

= (Ai + biθ
∗T
i1 )xi(k) +

bi
di

∑
j∈Ni

(
θ∗Tij1xj(k) + θ∗ij2uj(k)

)
.(3.7)391

From the matching equation (3.2), it yields392

cTi (zI −Ai − biθ
∗T
i1 )−1biθ

∗
i2 =

Zi(z)θ
∗
i2

det(zI −Ai − biθ∗Ti1 )
=

1

zn∗ , i = 1, ..., N.(3.8)393

From (3.3) and (3.4), we note that θ∗Tij1xj(k) + θ∗ij2uj(k) = θ∗i2yj(k + n∗) for i =
1, ..., N, j ∈ Ni. Thus, it follows from (3.7), (3.8) and the system model (2.1) that

yi(k + n∗) =zn
∗
cTi (zI −Ai − biθ

∗T
i1 )−1 bi

di

∑
j∈Ni

(
θ∗Tij1xj(k) + θ∗ij2uj(k)

)
=

1

di

∑
j∈Ni

yj(k + n∗), i = 1, ..., N,
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which implies the local output tracking error is always zero after n∗ sampling periods,394

that is, ei(k + n∗) = 0, i = 1, ..., N . Then, it follows from the conclusion of Lemma395

3.4 that the leader-following tracking error satisfies ei0(k + n∗) = 0, i = 1, ..., N .396

Since the leader agent model (2.4) is stable and driven by a bounded external397

reference input signal u0(k), its state variable x0(k) and system output signal y0(k) are398

all bounded. This also demonstrates that the follower agent’s output signal yi(k), i =399

1, ..., N , is bounded given that ei0(k + n∗) = 0. Using the system model (2.2), we400

have kpiz
n∗
Zi(z)[ui](k) = Pi(z)[yi](k + n∗), i = 1, ..., N , which demonstrates that401

ui(k) ∈ L∞ with the boundedness of yi(k) since zn
∗
Zi(z) is stable and of degree402

n∗ +mi = ni. Furthermore, considering the system model (2.1) is detectable under403

Assumption (A1), the unobservable state variable of follower agent i is stable and the404

observable part of xi(k) could be constructed by its input signal ui(k) and output405

signal yi(k). Together with the bounedness of ui(k) and yi(k), we obtain xi(k) ∈ L∞.406

Therefore, all signals in the closed-loop MAS are bounded. This completes the proof.□407

Now, a nominal MRC scheme has been established, incorporating a unified dis-408

tributed control law (3.1) for each follower agent i. Given all system parameters were409

known, this control law could achieve precise leader-following output tracking by using410

only the neighboring signals xj(k) and uj(k), j ∈ Ni.411

3.2. Distributed MRAC design: Unknown parameter case. This subsec-412

tion addresses the main focus of the paper, in which all system parameters, including413

those of both leader and follower agents, are unknown. In this situation, the nominal414

distributed control law (3.1) is no longer applicable due to the presence of system415

uncertainties. Now, we consider to develop an adaptive version of the nominal control416

scheme for achieving the control objective of the paper.417

Distributed MRAC law. Based on the nominal distributed control law (3.1),418

for each follower agent i, i = 1, ..., N , a distributed MRAC law is designed as follows419

ui(k) =
1

di

∑
j∈Ni

(
θTi1(k)xi(k) + θTij1(k)xj(k) + θij2(k)uj(k)

)
,(3.9)420

where θi1(k), θij1(k), θij2(k) are estimates of θ∗i1, θ
∗
i21, θ

∗
i22, respectively. Similarly, the421

involved signals for the adaptive control law (3.9) of agent i includes its state vector422

xi(k), and its neighboring agents’ state vector xj(k) and control input signal uj(k),423

which could be obtained by local communication in the graph G.424

Tracking error equation. To adaptively update the controller parameter es-425

timates θi1(k), θij1(k), θij2(k) for each agent i, we first construct a tracking error426

equation for the local output tracking error ei(k), i = 1, ..., N . Combing the adap-427

tive control law (3.9) and the follower agent dynamic model (2.1) for each agent428

i, i = 1, ..., N , we have429

xi(k + 1) = Aixi(k) +
bi
di

∑
j∈Ni

(
θTi1(k)xi(k) + θTij1(k)xj(k) + θij2(k)uj(k)

)
430

= (Ai + biθ
∗T
i1 )xi(k) +

bi
di

∑
j∈Ni

(
θ∗Tij1xj(k) + θ∗ij2uj(k)

)
431

+bi
(
θTi1(k)− θ∗Ti1

)
xi(k) +

bi
di

∑
j∈Ni

(
θTij1(k)− θ∗Tij1

)
xj(k)432

+
bi
di

∑
j∈Ni

(
θij2(k)− θ∗ij2

)
uj(k).433
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Then, it follows from (2.1) and (3.8) that434

yi(k) = cTi (zI −Ai − biθ
∗T
i1 )−1 bi

di

∑
j∈Ni

[
θ∗Tij1xj + θ∗ij2uj

]
(k)435

+cTi (zI −Ai − biθ
∗T
i1 )−1bi

[
(θTi1 − θ∗Ti1 )xi

]
(k)436

+cTi (zI −Ai − biθ
∗T
i1 )−1 bi

di

∑
j∈Ni

[
(θTij1 − θ∗Tij1)xj

]
(k)437

+cTi (zI −Ai − biθ
∗T
i1 )−1 bi

di

∑
j∈Ni

[
(θij2 − θ∗ij2)uj

]
(k)438

=
1

di

∑
j∈Nj

yj(k) +
ρ∗i
zn∗

[
(θTi1 − θ∗Ti1 )xi

]
(k)439

+
ρ∗i
zn∗

∑
j∈Ni

(θTij1 − θ∗Tij1)
xj
di

 (k) +
ρ∗i
zn∗

∑
j∈Ni

(θij2 − θ∗ij2)
uj
di

 (k),440

where ρ∗i ≜ kpi , i = 1, ..., N . Thus, we obtain the tracking error equation for ei(k)441

defined in (3.5) as442

ei(k) =
ρ∗i
zn∗

[
(θTi1 − θ∗Ti1 )xi

]
(k) +

ρ∗i
zn∗

∑
j∈Ni

(θTij1 − θ∗Tij1)
xj
di

 (k)443

+
ρ∗i
zn∗

∑
j∈Ni

(θij2 − θ∗ij2)
uj
di

 (k), i = 1, ..., N.(3.10)444

This is the desired tracking error equation for the local output tracking error ei(k).445

Estimation error equation. Next, we introduce an estimation error to measure446

the difference between nominal values of controller parameters and their estimates.447

For i = 1, ..., N , we define448

θi(k) ≜
[
θTi1(k), θ

T
ij1(k)|j∈Ni

, θij2(k)|j∈Ni

]T
,449

θ∗i ≜
[
θ∗Ti1 , θ

∗T
ij1|j∈Ni

, θ∗ij2|j∈Ni

]T
, θ̃i(k) ≜ θi(k)− θ∗i ,(3.11)450

and introduce the following auxiliary signals451

ωi(k) ≜

[
xTi (k),

xTj (k)

di
|j∈Ni

,
uj(k)

di
|j∈Ni

]T
,452

ω̄i(k) ≜
1

zn∗ [ωi] (k), ξi(k) ≜ θi(k)ω̄i(k)−
1

zn∗ [θiωi] (k).(3.12)453

where the notation θ∗Tij1|j∈Ni
represents the combination of parameter vector θ∗Tij1 in a454

specific order of j for j ∈ Ni, so are the following similar notation. With definitions455

in (3.11) and (3.12), the tracking error equation (3.10) could be rewritten into the456

following compact form457

ei(k) =
ρ∗i
zn∗

[
θ̃Ti ωi

]
(k), i = 1, ..., N.(3.13)458
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Then, an estimation error ϵi(k) is defined as459

ϵi(k) = ei(k) + ρi(k)ξi(k), i = 1, ..., N.(3.14)460

where ρi(k) is an estimate of ρ∗i . Combining the tracking error equation (3.10) and461

the estimation error (3.14), we obtain462

ϵi(k) = ρ∗i θ̃
T
i (k)ω̄i(k) + ρ̃i(k)ξi(k), i = 1, ..., N,(3.15)463

where ρ̃i(k) ≜ ρi(k) − ρ∗i . This is actually the estimation error equation, which464

measures the discrepancy between nominal controller parameters and the estimated465

ones.466

Parameter update law. Now, we develop an adaptive parameter update law467

for the estimated controller parameters in (3.9) with estimation error cost criterion.468

Before this, we need to introduce an assumption to facilitate the following design.469

(A5) For each agent i, i = 1, ..., N , the sign of kpi , i.e., sign[kpi ], is known, and an470

upper bound k0pi of |kpi |, i.e., k0pi ≥ |kpi |, is also known.471

Assumption (A5) shows certain prior knowledge of high-frequency gain kpi of472

agent i is required, which is necessary for the following parameter update law design473

under the distributed MRAC law (3.9).474

Introduce a quadratic cost function Ji = ϵ2i /2m
2
i for each agent i, i = 1, ..., N ,475

with the defined estimation error ϵi(k) in (3.14), where mi = mi(k) is a normalization476

signal defined as477

mi(k) =
√

1 + ω̄Ti (k)ω̄i(k) + ξ2i (k).(3.16)478

Then, we compute the gradients of Ji with respect to θi(k) and ρi(k) as ∂Ji
∂θi

=479

ρ∗i ϵi(k)ω̄i(k)

m2
i (k)

, ∂Ji
∂ρi

= ϵi(k)ξi(k)
m2

i (k)
. Updating parameter estimates θi(k) and ρi(k) along the480

negative gradient direction of Ji, we develop a parameter update law as481

θi(k + 1) = θi(k)−
sign[kpi ]Γiϵi(k)ω̄i(k)

m2
i (k)

, i = 1, ..., N,482

ρi(k + 1) = ρi(k)−
γiϵi(k)ξi(k)

m2
i (k)

, i = 1, ..., N,(3.17)483

where 0 < Γi = ΓTi < 2I/k0pi and 0 < γi < 2 are constant adaptive gains to be chosen484

by designers. Now, we have designed a gradient based parameter update law (3.17)485

for each follower agent i, i = 1, ..., N , to update parameter estimates θi(k) and ρi(k)486

adaptively.487

Remark 3.6. The parameter update law (3.17) requires the sign information and488

bound knowledge of kpi , as specified in Assumption (A5). To be specific, sign[kpi ]489

determines the update direction of the parameter estimate θi(k), while the bound k
0
pi490

sets the adaptive gain to ensure the stability of the parameter update law (3.17). This491

requirement originates from the fact that the estimation error equation (3.15) exhibits492

bilinear regression characteristics with respect to the parameter estimate θi(k) under493

the adaptive control law (3.9). Because of the explicit multiplication of ρ∗i and θ̃i(k)494

in (3.10), it is necessary to introduce sign information and bound knowledge of kpi495

for stable parameter update law derivation.496
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Remark 3.7. Compared with the indirect distributed MRAC method in [34], the497

proposed distributed MRAC law has the following advantages: (i) The computational498

complexity is lower since the controller parameters are directly updated by the adap-499

tive law (3.17) without solving a Diophantine equation online; (ii) The design of the500

controller (3.9) does not rely on the parameter information of the leader system, and501

thus can handle parameter uncertainties in all agents; (iii) The controller structure502

(3.9) is unified for all follower agents, and thus there is no need to classify followers503

according to graph connectivity.504

The adaptive parameter update law (3.17) has the following properties.505

Lemma 3.8. For each agent i, i = 1, ..., N , the proposed adaptive parameter up-506

date law (3.17) ensures that θi(k) ∈ L∞, ρi(k) ∈ L∞, ϵi(k)
mi(k)

∈ L2 ∩ L∞, θi(k + 1) −507

θi(k) ∈ L2 ∩ L∞, and ρi(k + 1)− ρi(k) ∈ L2 ∩ L∞.508

Proof. Choose positive definite function: Vi(θ̃i, ρ̃i) = |ρ∗i |θ̃Ti Γ
−1
i θ̃i+ γ−1

i ρ̃i
2. Since509

0 < Γi = ΓTi < 2I/k0pi , k
0
pi ≥ |kpi | = |ρ∗i | and 0 < γi < 2, the time increment of510

V (θ̃i, ρ̃i) along the trajectories of parameter update law (3.17) satisfies511

Vi(θ̃i(k + 1), ρ̃i(k + 1))− Vi(θ̃i(k), ρ̃i(k))512

= −
(
2− |kpi |ω̄Ti (k)Γiω̄i(k) + γiξ

2
i (k)

m2
i (k)

)
ϵ2i (k)

m2
i (k)

≤ −νi
ϵ2i (k)

m2
i (k)

513

for some constant νi > 0. This implies that θi(k) ∈ L∞, ρi(k) ∈ L∞, and ϵi(k)
mi(k)

∈514

L2. Then, from the equation (3.15) and the definition of mi(k) in (3.16), we have515
ϵi(k)
mi(k)

∈ L∞. Finally, with the adaptive parameter update law (3.17), we obtain516

ϵi(k)
mi(k)

∈ L2 ∩L∞, θi(k+1)− θi(k) ∈ L2 ∩L∞, and ρi(k+1)− ρi(k) ∈ L2 ∩L∞. This517

completes the proof. □518

Stability analysis. We now analyse the control performance achieved by the519

distributed MRAC law (3.9) and parameter update law (3.17), which is specified in520

the following theorem.521

Theorem 3.9. For the MAS (2.1) and (2.4) with communication graph G, under522

Assumptions (A1)-(A5), if the adaptive control law (3.9) along with the parameter523

update law (3.17) is applied to each follower agent i, then the closed-loop system is524

stable and the output yi(k) of each follower agent tracks the leader’s output signal525

y0(k) asymptotically, i.e., limk→∞ ei0(k) = 0, i = 1, ..., N .526

Proof. See Appendix. □527

So far, we have developed a distributed MRAC scheme for the discrete-time un-528

certain MAS (2.1) and (2.4). The distributed MRAC law (3.9) with the gradient529

based parameter update law (3.17) achieves leader-following asymptotical tracking530

using only local neighboring information. Notably, stable implementation of parame-531

ter update law (3.17) requires prior knowledge of the sign and bound of control gain532

kpi as specified in Assumption (A5).533

3.3. Modified distributed MRAC design: Without prior knowledge534

of control gain. The uncertainty associated with high-frequency gain parameter535

presents a fundamental challenge in conventional MRAC of single-agent systems.536

While assuming known gain sign is a common technique for stable adaptive laws,537

practical applications often cannot satisfy this condition [43]. Therefore, it is desir-538

able to eliminate this constraint on prior information of high-frequency gain parame-539

ter. Similarly, for uncertain MASs, their adaptive control designs encounter the same540
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limitation. As demonstrated earlier, Assumption (A5) remains necessary for the pa-541

rameter update law (3.17) under the adaptive control law (3.9). In this subsection,542

we further focus on designing a modified distributed MRAC law without relying on543

the additional Assumption (A5), while still achieving the control objective.544

A modified distributed MRAC law. With θ∗i defined in (3.11) and ρ∗i ≜ kpi ,545

we first define β∗
i as β∗

i ≜ ρ∗i θ
∗
i for i = 1, ..., N . Then, for each agent i, a modified546

distributed MRAC law is designed as547

ui(k) = (1 + κi(k)ρi(k))
−1

(
θTi (k)ωi(k) + κi(k)β

T
i (k)ωi(k)

)
,(3.18)548

where θi(k), βi(k), ρi(k) are the estimates of θ∗i , β
∗
i , ρ

∗
i , respectively, and ωi(k) is re-549

gressor vector defined in (3.12), and κi(k) denotes a time-varying gain function and550

will be specifically designed for each agent i to ensure (1 + κi(k)ρi(k))
−1 remains551

non-zero in the control process.552

Remark 3.10. Different from the adaptive control law (3.9), we design a modified553

distributed MRAC law (3.18) by introducing an extra parameter estimates βi(k),554

which implicitly estimates the control gain kpi . The purpose of this modification555

is to compensate for the uncertainty of the control gain through an extra adaptive556

parameter. As will be shown below, the resulting estimation error model admits a557

linear regression form, which eliminates the need for prior sign information of kpi in558

the parameter update law. Under the ideal case, i.e., θi(k) = θ∗i , βi(k) = β∗
i , and559

ρi(k) = ρ∗i , the control law (3.18) reduces to the nominal controller (3.1). To ensure560

the validity of (3.18), a time-varying function κi(k) is introduced. In the following,561

we show that with a proper design of κi(k), (3.18) remains non-singular at all times.562

Tracking error equation. Based on the adaptive control law (3.18), we now563

derive a new tracking error equation for the local output tracking error ei(k), i =564

1, ..., N . First, for i = 1, ..., N , it follows from the dynamic model (2.1) that565

xi(k + 1) = Aixi(k) + bi

θ∗Ti1 xi(k)+θ∗i2 1

di

∑
j∈Ni

zn
∗
[yj ] (k)

+bi
(
ui(k)− θ∗Ti ωi(k)

)
566

=
(
Ai + biθ

∗T
i1

)
xi(k) + b∗i θ

∗
i2

1

di

∑
j∈Ni

zn
∗
[yj ] (k) + bi

(
ui(k)− θ∗Ti ωi(k)

)
.567

Combining the matching equation (3.8), we obtain the output signal yi(k) satisfies568

yi(k) = cTi
(
zI −Ai − biθ

∗T
i1

)−1
biθ

∗
i2

1

di

∑
j∈Ni

zn
∗
[yj ](k)569

+cTi
(
zI −Ai − biθ

∗T
i1

)−1
bi
[
ui − θ∗Ti ωi

]
(k)570

=
1

di

∑
j∈Ni

yj(k) +
ρ∗i
zn∗

[
ui − θ∗Ti ωi

]
(k),571

which indicates that the local output tracking error ei(k) satisfies572

ei(k) =
ρ∗i
zn∗

[
ui − θ∗Ti ωi

]
(k), i = 1, ..., N.(3.19)573

This is a signal identity for any control input ui(k). Define µ∗
i ≜

1
ρ∗i

and denote µi(k)574

being the estimate of µ∗
i for i = 1, ..., N . Then, it follows from (3.19) that575

µ∗
i ei(k) =

1

zn∗

[
ui − θ∗Ti ωi

]
(k), i = 1, ..., N.(3.20)576
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From the adaptive control law (3.9) and the plant signal identity (3.19), we have577

ui(k) = θTi (k)ωi(k) + κi(k)β
T
i (k)ωi(k)− αi(k)ρi(k)ui(k)578

+αi(k)z
n∗

[ei] (k)− κi(k)z
n∗

[ei] (k)579

= θTi (k)ωi(k) + κi(k)(β
T
i (k)ωi(k)− ρi(k)ui(k))580

+κi(k)(ρ
∗
i ui(k)− β∗T

i ωi(k))− κi(k)z
n∗

[ei] (k)581

= θTi (k)ωi(k) + κi(k)β̃
T
i (k)ωi(k)− κi(k)ρ̃i(k)ui(k)582

−κi(k)zn
∗
[ei] (k), i = 1, ..., N,(3.21)583

where β̃i(k) ≜ βi(k) − β∗
i and ρ̃i(k) ≜ ρi(k) − ρ∗i . Combining (3.20) and (3.21), we584

derive585

(µ∗
i + κi(k)) z

n∗
[ei] (k) = θ̃Ti (k)ωi(k) + κi(k)β̃

T
i (k)ωi(k)− κi(k)ρ̃i(k)ui(k),586

where θ̃i(k) ≜ θi(k) − θ∗i . Denote µi(k) as the estimate of µ∗
i and define µ̃i(k) ≜587

µi(k)− µ∗
i . Then, for i = 1, ..., N , we obtain588

(µi(k) + κi(k)) z
n∗

[ei] (k) = ρ̃i(k)z
n∗

[ei] (k) + θ̃Ti (k)ωi(k) + κi(k)β̃
T
i (k)ωi(k)589

−κi(k)ρ̃i(k)ui(k).590

Under the condition that µi(k) + αi(k) ̸= 0, for i = 1, ..., N , it yields591

zn
∗
[ei] (k) = µ̃i(k)

zn
∗
[ei] (k)

µi(k) + κi(k)
+ θ̃Ti (k)

ωi(k)

µi(k) + κi(k)
592

+β̃Ti (k)
κi(k)ωi(k)

µi(k) + κi(k)
− ρ̃i(k)

κi(k)ui(k)

µi(k) + κi(k)
.(3.22)593

For the sake of convenience, we introduce the following parameter vectors594

λi(k) ≜ [µi(k), θ
T
i (k), β

T
i (k), ρi(k)]

T ,595

λ∗i ≜ [µ∗
i , θ

∗T
i , β∗T

i , ρ∗i ]
T , λ̃i(k) ≜ λi(k)− λ∗i ,(3.23)596

and the regressor signal597

ψi(k) ≜

[
zn

∗
[ei](k)

µi(k) + κi(k)
,

ωTi (k)

µi(k) + κi(k)
,
κi(k)ω

T
i (k)

µi(k) + κi(k)
,− κi(k)ui(k)

µi(k) + κi(k)

]T
.(3.25)598

Finally, with definitions in (3.23) and (3.25), the equation (3.22) could be transformed599

as600

zn
∗
[ei](k) = λ̃Ti (k)ψi(k), i = 1, ..., N.(3.26)601

Now we get a closed-loop tracking error equation (3.26) for the local output tracking602

error ei(k) under the proposed distributed adaptive control law (3.18).603

Remark 3.11. Motivated by the signal identity (3.19), the nominal control law604

ui(k) = θTi ωi(k) ensures zero local tracking error ei(k) after n∗ sampling periods605

when θ∗i is known. Replacing θ
∗
i with its estimate θi(k) yields the certainty equivalence606

adaptive control law ui(k) = θTi (k)ωi(k), i.e., the distributed MRAC law (3.9). Its607

validity, however, requires the strict prior knowledge of the control gain kpi as stated608

in Assumption (A5).609
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Parameter update law and singularity-free design. We now derive a gra-610

dient based parameter update law for controller parameters in (3.18) by using an611

estimation error cost criterion. For each agent i, i = 1, ..., N , define an estimation612

error ϵi(k) as613

ϵi(k) = ei(k) + λTi (k)
1

zn∗ [ψi](k)−
1

zn∗ [λ
T
i ψi](k).(3.27)614

Then, it can be clearly observed that the signal ϵi(k) is available at the current time615

instant for each agent i, i = 1, ..., N . Combining the tracking error equation (3.26)616

and the estimation error (3.27), we derive that617

ϵi(k) = λ̃Ti (k)ψ̄i(k), i = 1, ..., N,(3.28)618

where ψ̄i(k) ≜ 1
zn∗ [ψi](k). This is the estimation error equation desired for the design619

of parameter adaptation.620

Based on the defined estimation error (3.27), for each agent i, we introduce a621

quadratic cost function as Ji = ϵ2i /2m̄
2
i , where m̄i = m̄i(k) is a normalization signal622

defined as623

m̄i(k) =
√
1 + ψ̄Ti (k)ψ̄i(k).(3.29)624

Then, we derive the gradient of Ji with respect to λi(k) as ∂Ji
∂λi

= ϵi(k)ψ̄i(k)
m̄2

i (k)
, which625

motivates a gradient based parameter update law for λi(k) as626

λi(k + 1) = λi(k)−
Υiϵi(k)ψ̄i(k)

m̄2
i (k)

, i = 1, ..., N,(3.29)627

with 0 < Υi = ΥTi < 2I being the constant adaptive gain to be designed.628

Remark 3.12. To prevent blowup of the regressor ψi(k), µi(k)+κi(k) must remain629

nonzero during parameter adaptation, with µi(k) updated by (3.29) and κi(k) being a630

designed gain function. Similarly, in the distributed adaptive law (3.18), 1+κi(k)ρi(k)631

must stay nonzero with ρi(k) updated by (3.29). In the following, we design κi(k) to632

guarantee both conditions for all agents i = 1, ..., N .633

Remark 3.13. The modified parameter update law (3.29) differs from (3.17) in two634

key aspects: (i) it does not require prior knowledge of the sign of each agent’s uncertain635

high-frequency gain kpi , and (ii) the adaptive gain Υi can be chosen without knowledge636

of the gain bounds. Consequently, the modified MRAC law (3.18) no longer relies637

on Assumption (A5), relaxing the design requirements. The controller introduces638

an adaptive parameter β∗
i that implicitly embeds kpi , yielding a linear regressive639

estimation error (3.28) rather than the bilinear form (3.15) where ρ∗i multiplies θ̃i(k)640

explicitly. This allows the parameter update to follow the negative gradient of Ji641

without sign information of kpi . Stability is ensured for Υi satisfying 0 < Υi = ΥTi <642

2I without requiring gain bounds, as detailed in the subsequent analysis of (3.29).643

However, the cost of the modified distributed adaptive control law (3.18) is that the644

dimension of the estimated parameter vector λi(k) becomes larger compared with the645

distributed MRAC law (3.17). Despite this, the proposed algorithm remains simple646

to implement and tune since the parameter update law (3.29) employs a common647

adaptation gain Υi.648
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Remark 3.14. Notably, the proposed adaptive control law (3.18) avoids using the649

Nussbaum gain technique [3, 19, 20, 21, 22, 23, 24], thereby mitigating potential650

performance oscillations commonly associated with such technique. In the discrete-651

time setting, a Nussbaum function N(·) satisfies652

lim sup
k→∞

1

k

k∑
j=1

N(θ(j)) = +∞, lim inf
k→∞

1

k

k∑
j=1

N(θ(j) = −∞,653

which implies that the function value N(·) changes sign infinitely often. As a result,654

when the control input is designed in the form ui(k) = Ni(θi(k))vi(k) with vi(k) being655

the distributed MRAC law (3.9), the oscillatory nature of the Nussbaum function656

may lead to repeated sign changes and large variations in the control input during657

the parameter adaptation process, which can cause undesirable transient oscillations658

in the system response.659

To guarantee singularity-free of the distributed adaptive control law (3.18) and660

the parameter update law (3.29), the following conditions need to be guaranteed661

1 + κi(k)ρi(k) ̸= 0, µi(k) + κi(k) ̸= 0, i = 1, ..., N.(3.29)662

For this purpose, we give the following lemma, which specifies the design of time-663

varying gain function κi(k).664

Lemma 3.15. For each agent i, i = 1, ..., N , if the time-varying gain function665

κi(k) is designed as666

κi(k) =

{
− (|µi(k)|+ κi) , ρi(k) < 0,
|µi(k)|+ κi, ρi(k) ≥ 0,

667

with arbitrary chosen constant κi > 0, then condition (3.29) always hold in the adap-668

tive process for ρi(k) ∈ R and µi(k) ∈ R with any possible values.669

The proof of this lemma is established in the literature [39, 40]. This lemma670

provides a design mechanism for the time-varying gain function κi(k) that guarantees671

the singularity-free operation throughout the adaptive control process.672

Remark 3.16. Actually, the time-varying gain function κi(k) designed in Lemma673

3.13 ensures that the terms µi(k) + κi(k) and 1 + κi(k)ρi(k) remain away from zero.674

Specifically, with the definition of κi(k), we have675

µi(k) + κi(k) =


−κi, ρi(k) < 0, µi(k) ≥ 0,

2µi(k)− κi, ρi(k) < 0, µi(k) < 0,
2µi(k) + κi, ρi(k) ≥ 0, µi(k) ≥ 0,

−κi, ρi(k) ≥ 0, µi(k) < 0,

676

and677

1 + κi(k)ρi(k) =

{
1− |µi(k)|ρi(k)− κiρi(k), ρi(k) < 0,
1 + |µi(k)|ρi(k) + κiρi(k), ρi(k) ≥ 0.

678

Since κi is a positive constant, we get |µi(k) + κi(k)| ≥ κi and 1 + κi(k)ρi(k) ≥ 1679

always hold throughout the adaptive process. Therefore, Lemma 3.13 guarantees that680

no high-gain issues arise in the distributed adaptive control law.681
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To facilitate the final stability result, we first establish the following lemma, which682

specifies some beneficial properties about the given parameter update law (3.29).683

Lemma 3.17. For each agent i, i = 1, ...N , the developed parameter update law684

(3.29) ensures that λi(k) ∈ L∞, ϵi(k)
m̄i(k)

∈ L2 ∩ L∞, and λi(k + 1)− λi(k) ∈ L2 ∩ L∞.685

Proof. For each agent i, choose a positive definite function as Vi(λ̃i) = λ̃Ti Υ
−1
i λ̃i.686

Because 0 < Υi = ΥTi < 2I, combing the definition of m̄i(k) in (3.29) gives687

Vi(λ̃i(k + 1))− V (λ̃i(k)) = −
(
2− ψ̄Ti (k)Υiψ̄i(k)

m̄2
i (k)

)
ϵ2i (k)

m̄2
i (k)

≤ −si
ϵ2i (k)

m̄2
i (k)

688

for some constant si > 0, i = 1, ..., N . This implies that λi(k) ∈ L∞ and ϵi(k)
m̄i(k)

∈ L2.689

Then, we get ϵi(k)
m̄i(k)

∈ L∞ from the estimation error equation (3.28). Further, from690

the parameter update law (3.29), we have λi(k+1)−λi(k) ∈ L2∩L∞. This completes691

the proof. □692

Stability analysis. Finally, the following theorem characterizes the system per-693

formance under the proposed modified distributed MRAC law (3.18).694

Theorem 3.18. For the MAS (2.1) and (2.4) with communication graph G, under695

Assumptions (A1)-(A4), if the adaptive control law (3.18) along with the parameter696

update law (3.29) is applied to each follower agent i, then the closed-loop system is697

stable and the output of each follower agent tracks the leader’s output signal asymp-698

totically, i.e., limk→∞ ei0(k) = 0, i = 1, ..., N .699

Proof. See Appendix. □700

Remark 3.19. While recent literature has made significant strides in handling701

unknown high-frequency gains [39, 40] and reference uncertainties [41, 42] for single-702

agent systems, this paper tackles the consensus tracking control problem within an703

MASs framework. This extension is non-trivial due to some distributed control chal-704

lenges. First, unlike single-agent systems with global reference access, the leader’s705

information here is only available to a subset of agents. We address this by construct-706

ing a virtual reference signal based on neighbors’ parameterized estimates of future707

outputs. Second, stability analysis is more complex as tracking and estimation errors708

are coupled across the network. By defining a local neighborhood tracking error and709

exploiting its topological relationship with the global leader-following tracking error710

in Lemma 3.4, we establish the stability of the entire MASs. In this framework, As-711

sumption (A4) is key to ensure the well-posedness of the sequential adaptive design712

and managing the error propagation across the communication network.713

So far, a new distributed MRAC scheme has been developed to achieve the leader-714

following tracking objective under Assumptions (A1)–(A4). The proposed control law715

implicitly estimates the control gain parameter kpi , leading to a linear regressive esti-716

mation error as described in (3.28). Based on this structure, a gradient-based param-717

eter update law (3.29) is derived, enabling adaptive tuning without requiring prior718

knowledge of uncertain system parameters. This scheme is fundamentally different719

from the update law in (3.17).720

In summary, a distributed MRAC framework has been developed for discrete-721

time linear time-invariant uncertain MASs, which comprises a nominal distributed722

MRC scheme formulated in Subsection 3.1, a fundamental distributed MRAC scheme723

formulated in Subsection 3.2, and a modified distributed MRAC scheme formulated724

in Subsection 3.3.725
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4. Simulation study. This section demonstrates the validity of the developed726

distributed MRAC schemes through a simulation case.727

4.1. Simulation for distributed MRAC. This subsection first evaluates the728

control performance under the distributed MRAC law (3.9) and the parameter update729

law (3.17).730

Simulation model. Consider an MAS consisting of one leader agent with the731

system model (2.4) and four follower agents with the system model (2.1). Specifically,732

the four follower agents’ system parameter matrices are as follows733

A1 = [0, 1, 0; 0, 0, 1; 1, 2.5, 0.5] , b1 = [0, 0, 1]
T
, c1 = [0, 0.5, 1]

T
;734

A2 = [0, 1; 1, 0] , b2 = [0, 1]
T
, c2 =

[
2

3
, 2

]T
;735

A3 = [0, 1;−2, 1], b3 = [0, 1]
T
, c3 = [0.5,−1]

T
;736

A4 = [0, 1, 0; 0, 0, 1; 0.25, 1,−0.25] , b4 = [0, 0, 1]
T
, c4 = [0, 0.25, 1]

T
.737

Their transfer functions Gi(z) = kpiZi(z)/Pi(z), i = 1, 2, 3, 4, are computed as738

P1(z) = (z + 1)(z − 2)(z + 0.5), Z1(z) = z(z + 0.5);P2(z) = (z + 1)(z − 1), Z2(z) =739

z + 1/3;P3(z) = (z + 1)(z − 2), Z3(z) = −(z − 0.5);P4(z) = (z + 0.25)(z + 1)(z −740

1), Z4(z) = z(z + 0.25) with high-frequency gain parameters as kp1 = 1, kp2 =741

2, kp3 = −1, kp4 = 1. The matrices of leader agent 0 are A0 = [0.6, 0.3;−0.2, 0.5], b0 =742

[1, 0.5]T , c0 = [1, 0]T and the external input u0(k) is set as u0(k) = 0.5 sin(0.05k) +743

0.4 cos(0.12k). Moreover, the communication graph G is illustrated by Fig. 1.744

Parameter setting. From the simulation model, we calculate the nominal pa-745

rameters by the matching equation (3.2) as θ∗11 = [−1,−2.5,−1]T , θ∗12 = 1, θ∗21 =746

[−1,−1/3]T , θ∗22 = 0.5, θ∗31 = [−2, 0]T , θ∗32 = −1, θ∗41 = [−0.25,−1, 0]T , θ∗42 = 1.747

Similarly, we determine α∗
01 = 0.6, α∗

02 = 1, α∗
11 = [1, 2.5, 1]T , α∗

12 = 1, α∗
21 =748

[2, 2/3]T , α∗
22 = 2, α∗

31 = [−2, 1]T , α∗
32 = −1, α∗

41 = [2, 2, 0]T , α∗
42 = 1. Then, the749

ideal controller parameters θ∗i , i = 1, 2, 3, 4, can be determined as750

θ∗1 = [−1,−2.5,−1, 0.6, 0.3, 1]
T
, θ∗2 = [−1,−1/3, 0.3, 0.15, 0.5]

T
,751

θ∗3 = [−2,−0.5,−1,−2.5,−1,−2,−2/3,−1,−2]
T
,752

θ∗4 = [−0.25,−1, 0, 2, 2/3, 2,−0.5, 2,−1]
T
.753

We set the initial parameter estimate of θ∗i as θi(0) = 70%θ∗i , i = 1, 2, 3, 4, and ρ1(0) =754

2, ρ2(0) = 0.5, ρ3(0) = −0.1, ρ4(0) = 0.2. The initial states of agents are chosen755

as x0(0) = 1, x1(0) = [1, 0,−1]T , x2(0) = [−0.5, 0.5]T , x3(0) = [0,−0.2]T , x4(0) =756

[0.1, 0, 0]T . Moreover, the adaptive gains are selected as Γ1 = 0.9I, Γ2 = 0.9I, Γ3 =757

1.2I, Γ4 = 0.9I and γ1 = 0.8, γ2 = 0.8, γ3 = 1.5, γ4 = 0.6. From the values of high-758

frequency gain parameters kpi , we get sign{kp1} = 1, sign{kp2} = 1, sign{kp3} =759

−1, sign{kp4} = 1. With above parameter setting, it follows from (3.9) and (3.17)760

that the distributed MRAC law and the adaptive law can be specifically determined.761

Simulation results. Simulation results are presented in Figs. 2-5. Figs. 2 and 3762

show the agents’ outputs yi(k), i = 0, 1, 2, 3, 4, and the leader-following tracking errors763

ei0(k), i = 1, 2, 3, 4, respectively, which verify the asymptotic tracking performance764

under the distributed MRAC law (3.9). Fig. 4 depicts the control inputs ui(k), i =765

1, 2, 3, 4, confirming boundedness of the closed-loop signals, while Fig. 5 illustrates766

the parameter estimates ρi(k), which are consistent with Lemma 3.8. Overall, these767

results demonstrate the effectiveness of the proposed distributed adaptive control768

scheme with the distributed MRAC law (3.9) and the parameter update law (3.17).769
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Fig. 1: Communication graph of MAS.
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Fig. 2: System outputs yi(k) (control law
(3.9)).
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Fig. 3: Leader-following tracking errors
ei0(k) (control law (3.9)).
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Fig. 4: Control inputs ui(k) (control law
(3.9)).
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Fig. 5: Parameter estimates ρi(k) (con-
trol law (3.9)).

4.2. Simulation for modified distributed MRAC. This subsection demon-770

strates the control performance under the modified distributed MRAC law (3.18) and771

the parameter update law (3.29).772

Parameter setting. Still considering the same simulation model as above sub-773

section, we set initial values for the modified distributed MRAC law (3.18) and pa-774

rameter update law (3.29). Based on nominal values of θ∗i provided in the preceding775
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subsection, we compute the corresponding parameters β∗
i as776

β∗
1 = [−1,−2.5,−1, 0.6, 0.3, 1]

T
, β∗

2 = [−2,−2/3, 0.6, 0.3, 1]
T
,777

β∗
3 = [2, 0.5, 1, 5/2, 1, 2, 2/3, 1, 2]

T
, β∗

4 = [−0.25,−1, 0, 2, 2/3, 2,−0.5, 2,−1]
T
,778

ρ∗1 = 1, ρ∗2 = −1, ρ∗3 = 2, ρ∗4 = 1 and µ∗
1 = 1, µ∗

2 = −1, µ∗
3 = 1/2, µ∗

4 = 1. Further, we779

obtain λ∗i = [µ∗
i , θ

∗T
i , β∗T

i , ρ∗i ]
T . We set initial estimates of parameters λ∗i as λi(0) =780

70%λ∗i , i = 1, 2, 3, 4. The initial states of agents are selected as x0(0) = 1, x1(0) =781

[−1, 0, 1]T , x2(0) = [−0.5, 0]T , x3(0) = [0, 0.2]T , x4(0) = [−1, 0, 0]T . Moreover, the782

adaptive gains are selected as Υ1 = 0.9I, Υ2 = 0.9I, Υ3 = 0.6I, Υ4 = 0.9I. For783

the singularity-free design, we set the parameters κi = 1, i = 1, 2, 3, 4. With above784

parameter setting, it follows from (3.18) and (3.29) that the modeified distributed785

MRAC law and the adaptive law can be specifically determined.786

Simulation results. Simulation results are presented in Figs. 6-9. Figs. 6 and 7787

show the agents’ outputs yi(k), i = 0, 1, 2, 3, 4, and the leader-following tracking errors788

ei0(k), i = 1, 2, 3, 4, respectively, which verify the asymptotic tracking performance789

under the modified MRAC law (3.18). Fig. 8 depicts the control inputs ui(k), i =790

1, 2, 3, 4, while Fig. 9 illustrates the parameter estimates ρi(k). These results confirm791

that the parameter estimates satisfy Lemma 3.17 and that all closed-loop signals792

remain bounded. Overall, Figs. 6–9 demonstrate the effectiveness of the proposed793

modified distributed MRAC scheme under the relaxed conditions (A1)-(A4).794
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Fig. 6: System outputs yi(k) (control law
(3.18)).
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Fig. 7: Leader-following tracking errors
ei0(k) (control law (3.18)).

Remark 4.1. In the simulation study, numerical example is employed to validate795

the effectiveness of the proposed distributed MRAC framework. Nevertheless, the de-796

veloped method is formulated in a general state-space setting and is not restricted to797

numerical examples only. Specifically, the proposed approach is applicable to a class of798

practical systems with similar dynamic structures. For instance, the translational dy-799

namics of unmanned aerial vehicles and the longitudinal dynamics of ground vehicles800

can often be approximated by second-order systems with uncertain parameters, which801

can be transformed into the form considered in this paper. However, such systems are802

more commonly investigated under formation control settings, where additional struc-803

tural constraints and coordination objectives are imposed. Therefore, extending the804

proposed control scheme to unmanned aerial vehicle formations or vehicle platoons805
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Fig. 8: Control inputs ui(k) (control law
(3.18)).
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Fig. 9: Parameter estimates ρi(k) (con-
trol law (3.18)).

may require modifications of the control protocol to incorporate formation patterns806

and system-specific characteristics. This will be considered as part of future work.807

5. Concluding remarks. This work presents a systematic study of the distrib-808

uted MRAC problem for a general class of uncertain discrete-time MASs. A distrib-809

uted discrete-time MRAC framework is proposed. First, a nominal distributed MRC810

scheme with a unified controller structure is developed under known system param-811

eters, where a distributed matching equation and a parameterized reconstruction of812

neighboring information are formulated. Then, an adaptive extension is constructed813

by incorporating parameter update laws to handle uncertainties in both leader and814

follower dynamics. Furthermore, a modified distributed MRAC scheme is proposed to815

eliminate the need for prior knowledge of control gains without relying on Nussbaum816

gain technique. The proposed schemes guarantee closed-loop stability and asymptotic817

leader-following output tracking. Future work will extend the proposed framework818

to more general settings with external disturbances or unmodeled dynamics to fur-819

ther investigate its robustness. In addition, extending the approach to multi-input820

multi-output agents remains a challenging problem for future research.821

Appendix.822

823

Proof of Theorem 3.9. First, we prove the control performance of follower824

agent 1. Under Assumption (A4), the agent 1 is only connected with the leader agent825

0. Since the leader system (2.2) is stable and with bounded reference input u0(k), it826

yields that the state vector x0(k) and output signal y0(k) are bounded. Noting the827

form of the regressor ωi(k) in (3.12), we get ||ω1(k)|| ≤ cmaxk≤t ||x1(k)|| + c for the828

agent 1, where c > 0 is a generic constant bound. Then, since each follower agent is829

detectable and satisfies minimum phase property under Assumptions (A1) and (A2),830

with the boundedness of y0(k),we further obtain831

||ω1(k)|| ≤ cmax
t≤k

||y1(t)||+ cmax
t≤k

||u1(t)||+ c ≤ cmax
t≤k

||e1(t)||+ c.(A.2)832

Given ω̄i(k) in (3.12), it follows that833

||ω̄1(k)|| ≤ c max
t≤k−n∗

||e1(t)||+ c ≤ cmax
t≤k

||e1(t)||+ c.(A.3)834
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Then, from the definition of ξi(k) in (3.12) and bounded property of θi(k) in Lemma835

3.8, we obtain ||ξ1(k)|| ≤ cmaxt≤k ||e1(t)||+ c, which combines (A.3) and (3.16) gives836

||m1(k)||≤1+||ω̄1(k)||+||ξ1(k)|| ≤ cmax
t≤k

||e1(t)||+ c.(A.4)837

Moreover, from (3.14), we have838

e1(k) =
ϵ1(k)

m1(k)
m1(k)− ρ1(k)(θ

T
1 (k)− θT1 (k − n∗))ω̄1(k).(A.5)839

By the property θi(k + 1) − θi(k) ∈ L2 ∩ L∞ in Lemma 3.8, we derive that θT1 (k) −840

θT1 (k − n∗) ∈ L2 ∩ L∞. Noting that ϵi(k)
mi(k)

∈ L2 ∩ L∞ in Lemma 3.8, from the841

equations (A.3), (A.4) and (A.5), it yields ||e1(k)|| ≤ τ(k)maxt≤k ||e1(t)||+ c, where842

τ(k) > 0 denotes a generic L2∩L∞ function satisfying limk→∞ τ(k) = 0. This implies843

e1(k) ∈ L∞. Then, we obtain y1(k) ∈ L∞ because the signal y0(k) is bounded.844

From the system model (2.4), we have kp1z
n∗
Z1(z)[u1](k) = P1(z)[y1](k+ n∗), which845

implies that the input signal u1(k) ∈ L∞ with y1(k) ∈ L∞ and the stability of846

zn
∗
Z1(z) under Assumption (A2). Then, we get the state variable x1(k) of agent 1847

is also bounded with y1(k), u1(k) ∈ L∞ and the detectability of the system model848

(2.1) under Assumption (A1). Hence, all system signals related to the agent 1 are849

bounded. From Lemma 3.8, we have ϵ1(k)
m1(k)

∈ L2∩L∞ and θ1(k)−θ1(k−n∗) ∈ L2∩L∞.850

Combining the equation (A.5), we obtain e1(k) ∈ L2 ∩ L∞. This implies the local851

output tracking error e1(k) meets limk→∞ e1(k) = 0.852

Next, we consider the follower agent 2. Under Assumption (A4), agent 2 may have853

three possible connectivity cases: (i) connected only to agent 0; (ii) connected only to854

agent 1; or (iii) connected to both agents 0 and 1. In all cases, due to the signal bound-855

edness of agents 0 and 1, the regressor ω2(k) satisfies ||ω2(k)|| ≤ cmaxt≤k ||x2(t)||+ c.856

Because the agent 2 is also a minimum phase system and detectable under Assump-857

tions (A1) and (A2), we derive that ||ω2(k)|| ≤ cmaxt≤k ||e2(t)||+c with y0(k), y1(k) ∈858

L∞. Then, it yields ||ω̄2(k)|| ≤ cmaxt≤k ||e2(t)||+ c from the definition of ω̄i(k). Fur-859

ther, we obtain that ||m2(k)|| ≤ cmaxt≤k ||e2(t)||+ c. Therefore, with the properties860

of parameter estimates in Lemma 3.8, we have861

||e2(k)|| =
∣∣∣∣∣∣∣∣ ϵ2(k)m2(k)

m2(k)− ρ2(k)(θ2(k)− θ2(t− n∗))ω̄2(k)

∣∣∣∣∣∣∣∣862

≤
∣∣∣∣∣∣ ϵ2(k)m2(k)

∣∣∣∣∣∣ ||m2(k)||+ ||ρ2(k)(θ2(k)− θ2(t− n∗))||||ω̄2(k)||863

≤ τ(k)max
t≤k

||e2(t)||+ c,864

which indicates the local output tracking error e2(k) is bounded. Following the similar865

analysis as agent 1, it yields closed-loop signals involved in the agent 2 are bounded866

and limk→∞ e2(k) = 0.867

In a similar fashion as above, we recursively prove closed-loop signals of all agents868

remain bounded and the local output tracking error ei(k) meets limk→∞ ei(k) = 0, i =869

1, ..., N . Then, combining Lemma 3.4 gives limk→∞ ei0(k) = 0, i = 1, ..., N , which870

implies asymptotical leader-following tracking control objective is achieved with the871

distributed MRAC law (3.9) and the parameter update law (3.17). This completes872

the proof. □873

Proof of Theorem 3.18. Similar to Theorem 3.9’s proof procedure, we first874

consider the control performance of follower agent 1. According to Lemma 3.15 and875
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Lemma 3.17, κi(k) is bounded and µi(k) + κi(k) is nonzero. With the signal bound-876

edness of leader agent and the minimum phase property of follower agent, it follows877

from (3.25) that ||ψ1(k)|| ≤ cmaxt≤k+n∗ ||e1(t)||+ cmaxt≤k ||ω1(t)||+ c. Combing the878

equation (A.2), we obtain ||ψ1(k)|| ≤ cmaxt≤k+n∗ ||e1(t)|| + c, which together with879

ψ̄i(k)’s definition yields880

||ψ̄1(k)|| ≤ cmax
t≤k

||e1(t)||+ c.(A.6)881

Noting the equation (A.6), it follows from (3.29) that882

||m̄1(k)|| ≤ 1 + ||ψ̄1(k)|| ≤ cmax
t≤k

||e1(t)||+ c.(A.7)883

Based on the estimation error ϵi(k) in (3.27), it yields884

e1(k) = ϵ1(k)− λT1 (k)ψ̄1(k) +
1

zn∗

[
λT1 ψ1

]
(k)885

=
ϵ1(k)

m̄1(k)
m̄1(k)− (λT1 (k)− λT1 (k − n∗))ψ̄1(k).(A.8)886

According to the conclusion of Lemma 3.17, we have ϵ1(k)
m̄1(k)

∈ L2 ∩ L∞ and λT1 (k) −887

λT1 (k−n∗) ∈ L2∩L∞. Then, combing the equations (A.6), (A.7) and (A.8), we obtain888

||e1(k)|| ≤
∣∣∣∣∣∣ ϵ1(k)m̄1(k)

∣∣∣∣∣∣ ||m̄1(k)||+||λ1(k)−λ1(k − n∗)||||ψ̄1(k)|| ≤ τ(k)maxt≤k ||e1(t)|| +889

c, which implies the local output tracking error e1(k) is bounded. Then, it yields890

y1(k) ∈ L∞ via the bounedness of y0(k). From the system model (2.4), we have891

kp1z
n∗
Z1(z)[u1](k) = P1(z)[y1](k + n∗), which implies u1(k) is bounded with y1(k) ∈892

L∞ and the stability of zn
∗
Z1(z) under Assumption (A2). Hence, the state vector893

x1(k) is also bounded with y1(k), u1(k) ∈ L∞ and Assumption (A1). Further, we894

derive that all involved system signals of agent 1 are bounded. Lemma 3.17 shows895

that ϵ1(k)
m̄1(k)

∈ L2∩L∞ and λ1(k)−λ1(k−n∗) ∈ L2∩L∞, which combines the equation896

(A.8) indicating that e1(k) ∈ L2 ∩ L∞. This implies limk→∞ e1(k) = 0.897

Now we consider the follower agent 2. Under Assumption (A4), the control input898

of agent 2 is determined by exclusively the leader agent 0, the follower agent 1, or both.899

With signal boundedness of agents 0 and 1, following a similar analysis procedure as900

above, we derive the signal bounedness of agent 2 and limk→∞ e2(k) = 0.901

Recursively, we derive all agents in the MAS are closed-loop stable and the local902

output tracking error satisfies limk→∞ ei(k) = 0, i = 1, ..., N . Finally, combining the903

conclusion of Lemma 3.4, we obtain limk→∞ ei0(k) = 0, i = 1, ..., N . Thus, under904

the distributed adaptive control law (3.18) and the parameter update law (3.29), we905

achieve the leader-following asymptotical tracking control objective. This completes906

the proof. □907
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